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1. MOAYJb AEMCTBUTEJBHOI'O UMCJIA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAILIUE MOJIY.JIb

OnpenesieHue U cBOMCTBA MOIYJIS IeiCTBUTEIBLHOI0 YHCIIA.

OHDCI[GHCHI/ICI MOJAYJIEM 4YHCJIa X HA3bIBACTCA PACCTOAHHC (B CANHUYHBIX

OTpe3Kax) OT Havaja KOOPAUHAT IO TOYKH X. Moay/Ib AeiiCTBUTEIHHOI0 YHCJIA -
9TO a0COJIIOTHAS BEIMYKMHA 3TOTO YUCIIA.

[TorpocTy TOBOps, MPH B3ATHH MOIYJISA HYXKHO OTOPOCHTH OT YHCJIa €r0 3HaK.
Moaynes uncna a obo3Hayaercs |a]. OOpaTuTe BHUMAaHHUE: MOJYJb YMCIA BCErna
HeoTpuuateneH: |aj> 0.

6] =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOy

X, X=>0;
X/=
—X, x<0.
CBoiicTBa MOJTYJIS
1. Moynu MpOTHBOTOIOKHBIX YACEIT PaBHBI ‘a‘ = ‘_ a‘
2. KBajpat Moaysist uncia paBeH KBapary 3TOT0 Yucia ‘ a‘Z _ g2

3. KBajparHelii KOPEeHb U3 KBAJpaTa YUCIa €CTh MOAYIb | /42 :‘a‘

9TOI0 4HucCjia

4. MoyJib 9nClia €CTh YKCIIO HEOTPHUIATEIBHOE al>0

5. TIOCTOSHHBIM TMOJOXHUTEIbHBIA MHOXHUTEIb MOMXHO \c-x\zc-\x\

BBIHOCUTb 32 3HAK MOAYJIA >0

6. Ecin ‘a‘ = ‘b‘ TO a=tb

7. Monaynb mpousBefcHHus ABYX (M Oosiee) yucesl paBeH ‘a-b‘ :‘aHb‘

MPOU3BECHUIO UX MOAYJIEN




Pemienne ypaBHeHHH M HEPABEHCTB, COAEPKALIMX MOAYIb.

YpaBHEHUS, COACPKANINEC MOIYJIb.

1. YpaBuenns Buaa |f (X)) = A, AeR pemarorcs ciienyomum o6pasom.

Ecomu A <0, To KopHEH HeT.

Eciin A=0, To ypaBHEHHIO ‘ f (X)‘ = A cootBercTByeT ypaBHenue f(x)=0.

Ecimu A >0, To ypaBHEHHIO ‘ f (X)‘ = A COOTBETCTBYET paBHOCUJIbHAS COBOKYII-

{umzA
HOCTBb .
f(X)=—A

2. Ypasnenus Buja | f (X)| = g(X) pemarorcs cienyromum o6pasom.

YpaBHEHHIO ‘ f (X)‘ = g(X) COOTBETCTBYET PaBHOCHJIbHAS COBOKYITHOCTh CUCTEM

g(x)>0
{f(X)=g(X)
g(x)>0

{— f(x)=9(x)

3. Ypasnenus Buna | f (X)| =|g(X)| pemarorcs ciaenyrommum o6pasom.

Cnoco0 Nel

YpaBHEHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PAaBHOCUJILHOE ypaBHEHHUE

f2(x)=9°(x)
Crioco0 Ne2

YpaBHECHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PABHOCHIIbHASI COBOKYITHOCTh

{ f(x)=9(x)

f(x)=-9(x)

4. Ypasuenus Bupa | f (X)| =—f(x) u |f(X)| = f (X) pemarorcs crexyromum
o0pa3om.

YpaBHEHHUIO ‘ f (X)‘ = —f (X) cooTBeTcTBYET paBHOCKIBHOE HepaBeHcTBO f(X) <O0.

YpaBHEHHUIO ‘ f (X)‘ = f (X) cooTBeTCcTBYET paBHOCHIBbHOE HepaBeHcTBO f(X) > 0.



HepaBeHcTBa, cojeprkalime MOAYIb.

OCHOBHOI MeTOJ TpH PEIICHWU HEPABEHCTB, COJAEPAIIMX 3HAK MOy,
3akmrouaercs B crnenyromeM. OJ13 HepaBeHCTBAa pa30MBAIOT HA YaCTH, HA KaxJOu
U3 KOTOPBIX BBIPAKEHUSA, CTOAIIUE IOJ 3HAKOM MOJIYJISA, COXPAHSIOT 3HaK. Ha
KaXI0W TaKOW YacCTH PelIaloT HEPaBEHCTBO W TMOTYUYEHHBIC PEIICHUS O0BEIUHSIOT

B MHOKECTBO PELICHUN UCXOHOIO0 HEPABEHCTBA.
. HepasencrtBo Buna ‘ f (X)‘ < g(X), rae f(X) U g(X) — HEKOTOpBIE (PYHKIIMH, MOXKHO

pemaTb OCHOBHBIM MCTOAOM HWJIN CBCACHHCM K PABHOCUJIIBHOMY CMY HBOﬁHOMy

HCPABCHCTBY:
| (x) < g(x)=—g(x)< f(x)<g(x).
. HepaBeHCTBO BHUJa ‘f(X) > g(X) MOJXHO p€IIaTb OCHOBHBIM MCTOAOM HJIM 3aMC-

HOM Ha PAaBHOCHIIBHYI0 €My COBOKYIIHOCTHb JIBYX HEPABEHCTB: ‘f(x)‘ > g(x)<:>

{f(x)> g(x),
f(x)<—g(x).

. Hepasenctea Buna |f(x)>|g(x) u [f,(x)+|f,(x)+...+|f,(x) > 9(x) pemarores
METOJIOM MHTEpPBaJoB (METOJ OIMCaH B MyHKTe 3.3) IO TOM e cXeMe, 4TO U aHa-

JIOTUYHBbIE ypaBHEHUA. HekoTopble HEpaBeHCTBa BUAA \f(xx > \g(x)( 1esnecooopas-
. 2 2
HO pelaTh, Mepei s K paBHOCHILHOMY HepaBeHcTBy f °(X)> @ (x)
3amaum 19 pelieHus:

Bapuant Nel.

(1-4) Pemmre ypaBHEHUSI.
)JX*-5=[x"+4
2).2|X +2|- [3X - 3] =5
3P- |x +1| =4

4).3- 2X =|- 3+2X|



(5-6) Pemmre HepaBeHCTBA.

5)A/ X2 - 6X +9 <5
6)[5- 3X|=5

(7) Haitnute 4nciio UeiabiX peluieHuid HepaBeHCTBA, MPUHAIIICKAIUX TPOMEXKYTKY.
2X-3>X+2%X€- 45

(8-9) Haiinure mpou3sBecHIEe KOPHEH YpaBHCHHSL.

8).21X +1|+3X - 1- |X +3 =4

9).X° +|X| =2

(10) Haitnure cpennee apudmeTnueckoe KOpHEH ypaBHEHHUS.

X°-2X|+[X7- 3X +2)+

+|X?-5X +6 =0

(11) Haitnure cymmy HeNbIX pelieHri ypaBHEHUS, IPUHAIJICKAITNX OTPE3KY.

X]- 6

TEYAE =L, X € - 61

Bapuant Ne2.
(1-4) Pewmte ypaBHeHHL.

D2X -6 =[x +§

2)|X|-|x +1 =1

32 +|X - 2| =5

4).3+8X =[3+8X]

(5-6) Pemmre HepaBeHCTBA.



5)A/ X2 - 16X +64 <4
6)/8- 2X| =3

(7) HaliguTe 4yncio 1enbIX pelieHnii HepaBeHCTBa, MPUHAJICKAIIUX TPOMEKYTKY.
2X - 3> X +4;X €|- 4]

(8-9) Haiimure npousBeacHe KOPHEH ypaBHEHHS.

8).2|X +1|+3X - 1- |X +2/=3

9).X°- 2|X| =8

(10) Haiinute cpennee apudmeTnyeckoe KOpHEH ypaBHEHUS.

X7 - 4X|+[X7- 7X +12)+

+|X?-2X - 8 =0

(11) Halimute cyMMy LI€JIbIX pELICHUN YpaBHEHUS, IPUHAJJICKAIIUX OTPE3KY.

X - 2/-2

TS =X €|- 53



2. IEUCTBUA CO CTENNEHSAMHU U PATUKAJIAMHA. TOKJIECTBEH-
HBIE IPEOBPA3OBAHMUS AJITEFPAMYECKUX BBIPAKEHU

JleiicTBHSI CO CTENEHIMM U PAJIUKAJIAMM. YIPOILEHHE BbIPAKEHU.

a
OOBIKHOBEHHAS IPOOb — YHCIIO BHJIA B; a — IeJoe 4ncio, b — HaTypaibHOe

yucio. /Be npoobu %:% paBHBL, eclid a-d =b-c. OcHOBHOE CBOWCTBO ApoOei

a-c o
=——,TaeC— JIF000€ OTIIMYHOE OT HYJISI ACUCTBUTCIIbBHOC YUCIIO.

E .
b b-c

OcHOBHOE CBOMCTBO mpomnopiuu: a-d =b-¢ (B BEpHOH MPOMOPIIUU MPOU3-

BCICHUC KpaﬁHHX YJICHOB PAaBHO ITPOU3BCACHUIO CPCAHUX tIJ'ICHOB).

JleficTBUS C IPOOSAMU:

CnoxxeHnue Brruntanue YMHOXKEHUE Jlenenue
a c_ad+chb | a c_ad-cb| ac_ac | ac_ad
b d b-d b d b-d bd b-d b'd b-c

IIepecTaHoBKA YJI€HOB OPOIOPIIUH.

a_c. a_c a_b. d b

b d’ b a’ c d cC a

IIpou3BOIHEIE TPOITOPIINH.

Jlana nponopuus % = % , CIPABEJIUBBI CIEAYIOLINE MTPOTIOPIIUH:

atbh c+d. atc

a
a C b+d b

c
d




DopMyIbl COKPAIICHHOTO YMHOKCHUS

(a+h)’ =a*+2-a-b+b? (a+b)’=a®*+3-a%-b+3-a-b*+b°

a’—-b*=(a—b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)

DopMyabl KOPHEN KBAAPATHOT'O YPDABHEHUSI

a-x>+b-x+c=0, MMCKpuMHUHAHT D=b? —4.a-C

D>0 D=0 D<0
—b++D y b Cpenu IeiCTBUTEIBHBIX
Xjp =—F7 12 =~ 4
L2 2-a 2-a qrce KOpHEH HeT

Ecau 3a1aH0 KBagpaTHOe ypaBHEHHE B 00IIEM BHIE: a- X2 +b-X+C=0, TO

b
ACJIICHUCM YPAaBHCHHUA Ha a+0 MOXHO CBCCTH K IHPHUBCACHHOMY, I'IC p = —,

CDODMVJIBI KODHGIZ IIPUBCACHHOI'O KBAAPATHOI'O YPABHCHUA

2
X2 + p- X+ =0, IMCKpUMHHAHT D, :pT_q

D, >0 D, =0 D, <0
p P Cpenu neiCTBUTEIBHBIX
X12 :_Ei\/Do X2 =75 .
YHUCeN KOpHEH HET

Teopema Bueta. B npuBeiecHHOM KBaJpaTHOM ypaBHEHHH X’ + p-x+qg=0

CyMMa KOpHeW paBHA KOA(P(GUIUEHTY MPU X , B3ITOMY C MPOTHBOIMOJIOKHBIM 3Ha-
KOM, a UX MPOM3BEICHUE — CBOOOTHOMY YICHY:
{xl +X, =—P;
Xl ' X2 = q.

Oo6patHas Teopema. Ecnau uncna t, u t, takossl, uro t +t, =—p, tit, =q,

TO OHM SABJIAIOTCA KOPHAMM KBAaJpaTHOTO ypaBHEHHA X + pX+(0=0.



PaznoxxeHne KBaapaTHOTO TpPeXWieHa Ha JIMHCHHBIC MHOMKHUTEIIU. €CIIN X, H X,

KOpHHA KBaJIpaTHOTI' O

ypasHenus, 1o  ax”+bx+c=a(x—x x—X,).
JleicTBUS CO CTENEHSIMU:
(a-b-c)":a”-b”-cn am.a" = gmm am)n:am,n
n n am 1 aO
E _ a a4 _ am—n _ _ a—n
b h" a" a” a"

JleicTBUS ¢ KOpHSAMU (KOPHH MPEIOIaraloTcs apudMeTHuecKuMu):

Ya-b-c=Ya-Ub-Tc %_@
b b

T/aT:m'\p/a”'p (m a" )p _mgnp

N = | ({af=a @20 ¥a="a

CBoOMCTBA YHCIOBBIX HCPAaBCHCTB

a>b < b<a, a>pbub>c = a=>c,

azb < at+c2b+c, a?>b? < [d>]b,

nycte ¢>0,Torma a>b< a-c>b-c,
nycTb ¢<0, Tor1a a>b<~a-c<b-c,

1 1
nyctb a>0b>0,Torma a>bh < —-<—.

a b

To:xknecTBeHHbIE NIPeodpa3oBaHus ajaredpanyecKuX BbIPaKeHUI.

AJ'IF€6D8,I/IIICCKI/IM BBIPDAXKCHUEM HA3BIBACTCA BBIPAXKCHHE, B KOTOPOM YHCJId
n 6y1(BBI COCIHMHCHDBI I[eﬁCTBHHMH CJIOKCHUA, BBIYUTAHUA, YMHOXCHHA, ACIICHUA,

BO3BCACHMU B CTCIICHDb UJIN NU3BJICUCHUA apI/I(l)MeTI/I‘ICCKOFO KOpPHAL.
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PaBeHCcTBO, 00€ 4acTH KOTOPOrO0 MPUHUMAIOT OJMHAKOBBIE YMCIOBBIE 3HA-
YEHUs NP JTHOOBIX JOMYCTUMBIX 3HAYEHUSX BXOMSIIMX B HEro OYKB, HA3bIBACTCS
TOXIECCTBOM.

Hampumep, kaxnas u3 GopMys COKpaIEHHOTO YMHOXEHUS IPEICTaBIIACT

co0oit TOXKIACCTBO, n0o jJeBasa u ImpaBas 9aCTU KaKJA0T'0 U3 paBCHCTB:
(a+b)’ =a?+2-a-b+b? (a+by’=a*+3-a-b+3-a-b?+b°

a’—b*=(a—b)-(a+b) a31b3=(aib)-(a2¢a-b+b2)
paBHBI IPYT IPYTY IPH JIIOOBIX 3HAYEHHSX g U b. IIpM 5TOM OZHO BEIpa)KEHHE
npeobpasyeTcs B IPyroe — eMy TOXKIECTBEHHO PaBHOE.

HpI/I BBITIOJIHEHUHN TOXICCTBCHHBIX Hp606pa30BaHI/Iﬁ aJIre6palxlquKI/IX BBbI-
pa>KeHI/II7I HCO6XOI[I/IMO 3HATb IIOPAAOK BBIIIOJIHCHHA HeﬁCTBHﬁ, HeﬁCTBI/IH C ,Z[p0651-
MH U CTCIICHHBIMH BBIPAKCHUSAMU, (1)OpMy.TIBI COKpAaIICHHOI0 YMHOXCHHA U 1IP.

CJIeI[yeT HMCTb B BHUAY, UYTO IIPH TOXIACCTBCHHLIX Hp606pa30BaHHHX ocTa-
HOTCA HCU3MCHHBIMU .

BCIIMYWHA JOITYCTUMBIX U3MEHEHUHN 6YKBGHHBIX BCIIMYHNH,
00J1aCTh AOITYCTHUMBIX 3HauYCHUM Ka)KﬂOﬁ nu3 6YKB3HHI>IX BCJINYHNH.

ITepBoe u3 >THX TPeOOBAHUH ABIIAETCS 003aTEILHBIM IIPU BCEX IPe0Opa3o-
BaHMAX, UMCIOIIHUX LCJIbIO YIIPOIICHHUC BBIPAXKCHHUA HIIN IIPUBCACHHC CI'O K HYXK-

HOMYy BuAy. Ecim Hajgo, Hanpumep, IONOJHUTH KBAJpPATHBIA TPEXUICH
X% +6-X—7 [0 MOJHOIO KBajapara, TO, NpUOaBUB K HEMY YUCIO 9, HEOOXOIUMO
TaKOE )K€ YKMCIIO U BBIYECTb, T.C.
2
X +6-X—7=xX*+6-Xx+9-9-7=(x+3)" -16.

ToxnecTBeHHbIE TpeoOpa30BaHUs TIOCICIHETO BBIPAKEHUS MOYKHO IIPO-

JOJKMTh U IPUBECTH UCXOAHOE BBIPAKCHHUE K MPOU3BEICHHIO JIBYWICHOB:
2
(x+3)" 16 =(x+3+4)-(x+3-4)=(x+7)-(x-1)
Btopoe TpeboBaHne — HEU3MEHHOCTh 00JacTel JOMYyCTUMBIX 3HAYEHUM, HE

BCET/Ia BHITIONHAETCS MPU OOBIYHO MPUMEHSIEMBIX HaMu npeoOpaszoBanmsix. Cokpa-

2

TUB, Hampumep, ApoOb Ha pPa3HOCTh g-—1 W HaNKWCaB PAaBEHCTBO

11



2

—a+1, Mbl 3aMeyaeM, YTO HaApYLIEHO BTOpPOe TpeOOBaHUE, KOTOPOMY

a-1
JIOJKHO YJIOBJIETBOPSATH TOXKJIECTBEHHOE MpPeoOpa3oBaHME: IMpaBask YacTh pPaBEH-
CTBa UMEET CMBICJI IIPH JIFOOBIX 3HAYEHUSX &, a JieBas TOJBKO IMPH YCJIOBHUH, YTO
a#1, T.c. MPOU3OILIO U3MEHEHNE 00JACTH TOMyCTUMBIX 3HAYCHUN BEIIMYUHBI g .
CrnenoBartenbHO, ITPe0Opa30BaHNUE B JAHHOM CJIy4dae HE SIBISETCS TOXKISCTBEHHBIM.
OpnHako 3TO HE 3HAYUT, YTO HYKHO OTKa3bIBATHCS OT TAKUX MpeoOpa3zoBa-
HUH, KOTOPBIC U3MEHSIIOT 00IaCTH JOIMYCTUMBIX 3HaUYCHUU Bean4rH. Hago Tombko
MpU KaXJIO0M TaKoM IpeoOpa3oBaHUM yKaszaTh, KaK M3MEHWJIMCH O0JacTH JIOIy-
CTUMBIX 3HaUYC€HUN OYKBEHHBIX BEJIMYHH.

[lopsinoOK BBITTOJTHEHUS] NEVUCTBUM

JIIEUCTBHS C OJJHOYJICHAMH,
JIEHCTBUA B CKOOKAX;
YMHOXEHUE WU JieJieHHe (B IMOPSIKE TOSBICHUS ),
CJIO’KCHHE WJIH BBRIYUTAHHUE (B TIOPSAKE MOSBICHUS).
[Ipu necTBUSX C paguKaiamu clieyeT UMETh B BUIY, YTO MpaBUiIa, MO KO-

TOPBIM OHHM BBIIIOJHAKOTCA, 6630FOB0p0‘lH0 BCPHLBI JIMIIb OJIA apI/I(l)MeTI/ILIeCKI/IX

kopHeii. ITo onpeieeHno KOpeHb /a HaspBaeTcs apH(pMETHUYECKAM JUIIb B TOM
Cy4dae, €CIId YUCIO a IIOJOXKHUTEJIbHO WM HYJb, 4 TAKXKE ITOJOKUTEIbHA WIIU

paBHa HYJIIO XU BCIMYHNHA CaMOI'O KOPH:. Ecnu storo He YUYUTBIBaTb, TO MOXHO JO-

nyctuth ommoOKy. Hampumep, paBeHcTBO /X% =3/X BEpHO JMIIL NIPH YCIOBUH,
uyro x > 0. IIpu x <0 HYXHO mucath Tak: §/x? =3/—x.

AHAJIOTHYHO PaBEHCTBO f’,/(a_b)2 —3/(a—b) BepHO JMUIL B Cilydae, eCly

a>b. Ilpu a<b oo HeBepHO u HyxHO mucath §/(a—b)’ =3/(b—a). O6a ciy-

Yyasi MOYKHO OXBATUTh TAKOM 3aIMUCHIO; 6,/(a — b)2 — 3/ ‘a — b‘ .

12



Boimoyinuts apudymerngeckue jeificreus:

37— (3) .
1. S (59—1)  +2-107L
2-(3) E

33+2,5 4,6—21 0,05 _
2- 1 1 5,2: 1—+5=f .
2,513 4,642 20,125

3. (4V27— w’_ JW+3J_

A

v =

VIPOCTUTEL BBIPAKEHHS:

ar/a+bv/b _ Vb
22, ( N —\@).(ﬂ—b)+m.

1

1
y3z2 —z y

23.

Vo POCTHUTEL BLIDAKETHHA 1 BLIMHCTIATEL UX SHAYEHTHA [MPH 3a1alllOoM 3HaYCIHd ITapaMeT-

poE:
—2,-1_ 1.2 1
2. . " mn ——(mn '+2+m 'n)"! npu m=0,003; n=0,007.
m—2—n—2 m
be+4 b
29. (\/a Sy C) (Vabe+2) mpu a=0, 04.
a a
+b2 Va—
30. as +b: .4 2ve npu a=1,2; b=0,6.
(a® —ab}i ay/a— bv/_
31. VT : Vita upH r=0,5.
l—zyz o+ /z+

32. (a+a27)7—(a— I%)_% npu r=4a—4, 1<a<2.
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1)

2)

3.CTEIIEHHBIE ®YHKIINHU. KBAJIIPATHBIE YPABHEHUS. PALIMO-
HAJIBHBIE YPABHEHUA U HEPABEHCTBA

OmnpenesieHue 1 cBOMCTBA cTeneHHbIX pyHKkuui. [locTtpoenune rpagukos cre-

MEHHBIX PYHKIMIA.

®dyuknun Y=X, y=x?, y=x3, y=1/X u T. 1. ABIAIOTCA YACTHBEIMH CIIy4asiMU CTe-
neHHou QyHKIWY, T. €. QyHKImMH Y= XP, rae p - 3a1aHHOe JEHCTBUTEILHOE YUCIIO.
CpoiicTBa 1 rpadMK CTETICHHON (DYHKIIMH CYIIIECTBEHHO 3aBHCHUT OT TOTO, MPH
KaKUX 3HaYEHUSAX X U P UMEET CMBICI cTereHb Y=XP. [lepeitnem k mogoObHOMY pac-
CMOTPEHUIO Pa3ITUYHBIX cily4aeB B 3aBUCUMOCTH oT
TIOKAa3aTelIs CTETIeHH .
[TokazaTtenb P=2n - 4eTHOE HAaTypaJibHOE Yncio0. B aToM cnydae creneHHas QpyHK-

us Y=x2", e N - HaTypaJbHOE YUCII0, 00NAJaeT Clle-
100}
30t
601

JTYIOIUMHA CBOMCTBAMU:
00JIaCTh OMpeeNieHUs - BCE JICUCTBUTEIBHBIC YHCIIA, T.

€. MHOXeCTBO R; 407

MHO>KECTBO 3HAUCHHH - HCOTPHULATCIIbHBIC YKCJia, T. €.

y Gosbiie uiu pasHo O; Puc. 3.1
ynkmsa y=X>"uerHas, Tak Kak X2"=(-X)*"

byHKIMS sBiseTcs yObIBaromiei Ha mpoMexyTke X<O u Bo3pacTaromieil Ha mpo-
MexyTke X>0.

I'papux (ynxuum y=x*" uMeeT TaKoOW >Xe BMI, Kak
Hanpumep rpaduk Gpynxmun y=x> (Puc. 3.1) 1107

[Tokazarens p=2n-1 - HeyeTHOE HATypaJbHOE YUCIO. B

5TOM ciydae creneHHas QyHkuus Y=x>"!  rne mary-

pajbHOE YUCII0, 001a1aeT CICAYIOIMIMMHU CBOUCTBAMU:

00J1aCTh OIpeeICHUS - MHOXECTBO R;

MHO>KECTBO 3HA4YECHUI - MHOXECTBO R;
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3)

4)

XZn-l

dynKumEs y= HEUYETHAasl, TaK KaK (-x)?"1=x2n-1,

(bYHKIUS SBIsIETCS. BO3pACTAIOIICH Ha BCEH IEWCTBUTEIBHON OCH.

x?"1 umeer Takoit ke B, Kak, HanpuMmep, rpadpuk QyHKIMHU

['paduk GpyHxmm y=

y=x3 (Puc. 3.2)

[TokazaTenb p= -2Nn, TA€ N - HaTypaJbHOE YUCi0. B 3TOM ciiydae creneHHas QpyHK-
—y -2N— 1 / 2n o v .

s y=X “"=1/x" obyamaet cieayomuMi CBOHCTBaMU:

o0J1acTh ornpesiereHus - MHOXecTBo R, kpome X=0;

MHOKECTBO 3HAUCHUH - TTOJIOKUTEIIbHBIC uncia y>0;

gynkms y=1/x*" yeTHas, TaK KaK 1/(-x)?"=1/x2";

byHKIUS SBIsSETCA Bo3pacTaroiel Ha mpoMexkyTke X<0 u yObIiBarolieit Ha mpome-

xKyTKe X>0. ot Y

I'paduk Gpynkumm y=1/x*" uMmeeT Takoi *ke BUJ, KaK, ol
Hanpumep, rpadux pynkuun y=1/x? (Puc. 3.3). A
[MTokazatens p=-(2n-1), rae N - HaTypaibHOE YKciio. B B

3TOM ciydae cTeneHHas Qynkuus y=x"1 obnagaer = 1};
CIEAYIOLINMU CBOMCTBAMU: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome X=0; o ¥
MHOECTBO 3HAUCHUI - MHOXecTBO R, kpome y=0; D;

Qynxuus y=x?"Y geyernas, tak kak (-x) "D =-x-n-D; ,

h
[

byHKIUS sBIsIETCs yObIBarONIeH Ha mpoMexyTkax X<0 u

x>0.

Ipaduk Qpyrkuun y=x"Y pmeer Takoii ke BUI, Kak,

Hanpumep, rpadpux pynxuun y=1/x3 (Puc. 3.4)

KBaaparHnbie ypaBHeHusi. PanimonajibHble ypaBHeHUs

Ecnu BbIpaxkeHus, CTosIIME B JIEBOW U MPABOM YacCTIX YPABHEHUs, COCTaB-
JICHBI JIMIIb C TIOMOIIBIO ONEPALUN CIIOKEHUsI, BBIYUTAHNS, YMHOXKCHUSA, ACIICHUS

1 BO3BCACHH:A B LICJIYIO CTCIICHDB, TO YPABHCHHEC HA3LIBACTCA pPAllHOHAJIbHBIM.
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PannoHanbHOE ypaBHEHHE HA3bIBAECTCS HEJIBbIM, WM aJare0panyecKuMm, ec-
JIM B HEM HET JICJICHUS Ha BBIpAKEHUE, coAeprkaliee nepemMeHnyro. K nenbm ypas-
HEHUEM OTHOCSTCSI, HAIPUMED, JINHEWHbBIE U KBAaJIpATHBIC YPABHEHUSI.

PemenneM, Wiv KOpHeM YpaBHEHMs, Ha3bIBAE€TCS BCAKOE 3HAYEHUE HEH3-
BECTHOTI'O X, IIPHU MOJICTAHOBKE KOTOPOTO B 00€ YaCTU ypaBHEHHS MOJIy4aeTcs UC-
TUHHOE YUCJIOBOE PABEHCTBO. PelIuTh ypaBHeHUe - 3HAYUT HAWTU BCE €ro KOPHU
WIM JTI0Ka3aTh, YTO KOpHEN HeT. Pemras ypaBHEeHUE, Mbl IPUMEHSIEM K HEMY HEKO-
Topble npeodpazoBanusi. Eciau ucxonHoe u mpeoOpa3oBaHHOE YpaBHEHUS UMEIOT
OJIHU U T€ K€ KOPHH, TO OHH Ha3bIBAIOTCS PAaBHOCWIBHBIMH. B yacTHOCTH, ypaB-
HEHUs1, KOTOPbIE HE UMEIOT KOPHEH, TAKKE CUUTAIOTCS PABHOCHIIbHBIMHU.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I YpPaBHCHUA B PABHOCHIIBHOC CMY:

Ecin kako#-mu00 wieH ypaBHCHHs IEPEHECTH W3 OJHOM YacTH YpaBHCHHS B
JIPYTYIO C MPOTHBOIIOJIOKHBIM 3HAKOM, TO IMOJIYUYHUTCS YPaBHCHHE, PAaBHOCHIBLHOEC
JTaHHOMY.
Ecin 00e yacTu ypaBHEHHST YMHOXKHTD WJIM Pa3/ICIUTh HA OJTHO M TO )K€ OTIIMYHOE
OT HYJISl YHCII0, TO MOJIYYUTCS YpaBHEHHE, pABHOCHIIBHOC JIAHHOMY.
Ecnu 06e yactu ypaBHenus f(X)=g(X) yMHOXHUTh Ha OJJHO M TO YK€ BHIPAKCHHE
h(x), koTopoe:
a) UMEET CMBICI BCIOY B 00J1aCTH ompe/iesieHus (B 001aCTH TOMYCTHMBIX 3HaYe-
uuit) ypasaenus f(x)=g(x);
0) Hurae B 3ToM oOnacTu He oOparmmaercs B 0, TO MOTYYUTCS ypaBHCHHE
f(x)-h(x)=g(x)-h(x), paBHOCHIIEHOE TaHHOMY.
Keaopammuwie ypasnuenus.
ax® +bx+c=0, a=0.
Oynkrusa | (X) =ax®+bx+c, rme a=0, HassBaercs KBaJIpaTUYHOU

bynkuueit. I'paduk 310l PpyHKIIMU — napabona, KOOPAUHATHI BEPIIUHBI KOTOPOU

b 4ac-b°

paBHBL: X, =——,
07 2g’ 7" Aa

[Ipu a>0 BeTBM mapaboOIBl HAMPABIICHBI
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BBEpX, a mpu a <0 - BHM3. HaxoxneHne KopHeH ypaBHeHHs ax’ +bx+c=0,
a # 0 moapo6HO M3M0KeHO B MyHKTE 2.1,
Ienvte pauuonanvhole ypasHeHnus.

MuorowieHoM N- oit crenenu (NeZ,n>0) oT mepeMeHHONH X Ha3bIBACTCS BbI-
paxeHue

P

 (X)=ax" +ax" +...+a,,x+a

n
rie  a,,ay,...,a, — 3aJaHHBIC JEHUCTBUTCIIbHbIE 4YHCIA, IpudyeM a, #0.
MHorouneHaMu HyJIEBOW CTENIEHU SABJISIOTCS OTIWYHBIE OT HYJIS JEHCTBUTEIIBHBIC
yuciaa. Yucno 0 €IUHCTBEHHBIM MHOTOWIEH, CTEIIEHbh KOTOPOTO HE OIPEIEJICHA.

Vpasnenue P,(x)=0, rae P,(x) — mHorounen n-oif crenenu, n>1, HasbiBaet-

Csl aNreOpanueckuM ypaBHEHUEM N -0 CTEIECHH.

Ecmn x, — kopeHb MHorounena P, (x), T.e. P,(X,)=0, To P,(x) 6e3 ocrarka je-

muates Ha (X — X,):

P (%) = (x =% )P 1 (%),

rae P, ,(x)— muorounen crenenn n—1. Muorounen P, ;(X) MoxHO Haiftn 1160

n

JCJIICHUEM «YTOJIKOM» MHOTO4iIeHa P, (x) Ha (x —Xx,), MO0 IPYNIHUPOBKOH cllara-
eMbIX MHOTOUJIEHa P,(X) U BBIJEJIEHUEM M3 HUX MHOKHTENS X —X,. OCHOBHBIMU
METOJlaMU PEIIEHUsI ypaBHEHHs P, (X): 0, rne P, (X) — MHOTOWIEH cTerneHu N (
N> 2), ABJISIOTCS METOJ PAa3JIOKEHHS JICBOH YAaCTH YpaBHEHHS Ha MHOXHTEIU U

METOJI BBEJICHUSI HOBOM ITIEPEMEHHOM.
MHOX€eCTBO pallMOHAILHBIX YPABHEHUH 3@ TUIIOM U METOJIOM PEIICHUS

MOJKHO Pa3JICINTh Ha CJICIYOIIHE:

1. Pemienne ¢ mMoMOIbIO MOACTAHOBKHU. [Ipy pelieHr HEKOTOPBIX paI[HOHAIb-
HBIX YpaBHEHHH HMEET CMBICJ BBECTH HOBYIO IEPEMEHHYIO, 3aMEHHB €0 HEKOE
panmoHansHOe BEIpaxkenue. Hanpumep, B ypasaenuu aP?(X) + bP(x) + ¢ = 0, rue
P(X) - MHOroujcH, BBeJeM HOBYIO nepemenHyio Yy = P(X). Pemraem kBaapaTHOe
YpaBHCHHUEC ay2 + by + ¢ = 0 OTHOCHTEIBHO Y ¥ BO3BpAIIACMCS K PEIICHHIO YPaB-

HeHuit P(X) =i, rae Y - pelieHus ypaBHEHHS.
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2. Pacnanammeecs ypaBHeHue. PammoHansHOE ypaBHEHHE Ha3bIBAe€TCS pacria-
JAIONIMMCSI, €CJIM ero MoKHO TipeacTaBuTh B Buae P(X)Q(X) = 0, rme P(X) u Q(X) -
IeNIbIC palMoOHabHbIC (DyHKIMK. [ pelieHus: Takux ypaBHEHUI HYKHO Tpe.-
CTaBUTh  YpaBHCHHUE P(x)Q(x) = 0O B BHAE  COBOKYIHOCTH:
P.(x)=0,
{Qn (x)=0.
3. OgHopoaHoe ypaBHeHHe BTOporo nmopsiaka aP?(x) + bP(x)Q(x) + cQ?(x) = 0.
Jl7is1 ero perieHus: paccMOTpHUM jiBa ciydas. [lepseiid - Q(X) = 0, Torna ypaBHEeHUE
cBOIUTCA K perieHuto ypaBHenus P(X) = 0. Bropoi cimyyqait - Q(X) # 0, Toraa uc-
XOJHOE ypaBHeHHE MOXkHO nozeanTh Ha Q(X) m momyumts a(P(X)/Q(X))? +
bP(x)/Q(x) + ¢ = 0. Beoaum 3ameny P(X)/Q(X) = t u mony4aem KBajapaTHOE ypaB-
Henue at? + bt + ¢ = 0. B oTBeT BKIIOYaeM penieHust 000MX CIIydaes.
4. BuxkBagpaTHoe ypaBHenue ax* + bx? + ¢ = 0. Jlns pelenus Takoro ypaBHeH s
nenaercs 3amena X° = t, X* = t2. Tlociie HoCTaHOBKM HOBOM NMEPEMEHHOM MOJTy4aeM
KBajpaTHOE ypaBHeHHe at? + bt + ¢ = 0. Pemus ero, NIpuxoauM K ypaBHEHHIO X° =
ti, rae tj - KopHU ypaBHEHUS.
5. CuMMeTpHYHOE YpaBHEeHHe TpeThero mopsiaka ax® + bx? + bx + a = 0. /s
€ro pelIeHus MPOBEIEM ClieAyIomue mpeodpasosanus: ax® + bx? + bx + a = a(x® +
1)+ bx(x + 1) =a(x + 1)(x* - x + 1) + bx(x + 1) = (x + 1)(ax® + (b - a)x + a). B uro-

re ojydyacm pacmagaromieccs YpaBHCHHC, peuracm COBOKYITHOCTB:

X+1=0,
{ax2 +(b-a)x+a=0.
6. CHMMeTpHYeCKOe yPaBHEHHE YeTBepToro mopsaaka ax* + bx3 + cx? + bx + a
=0. CrpynnupyeM cjaraeMble U paszieauM obe yact Ha X2, [loxyuum
a(x? + 1/x?) + b(x + 1/x)+ ¢ = 0.
CrenaeM moacTaHoBKy X + 1/X = t, Torga X2 + 1/x2 = 2 - 2. Tloy4aeM KBagpaTHOE
ypasHeHue at? + bt + (¢ - 2a) = 0. ITocne ero penreHns BO3BpaILAaeMcs K HCXOIHOM

MIEPEMEHHOM X.
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7. BozBpaTHoe ypaBHenue. YpasHenue uaa ax* + bx3 + cx? + dx + e = 0, rne a #
0, b # 0 u e/a = (d/b)?, Ha3bIBAaETCS BO3BPATHBIM YPABHEHHEM YETBEPTOTO MOPSIKA.
Jlist ero pelleHus JelMM ypaBHEHHE Ha X2 U BBOAUM IlepeMeHHYyIo t = bx + d/X,
mocJIe Yero mojydaeM KsajapatHoe ypasHenue at?/b? + t + ¢ - 2ad/b = 0. Pemus
€ro, BO3BpAaIacMcsi K HCXOIHOM MepEMEHHOM.

8. YpaBHenusi Buaa (X + a)(x + b)(x + c)(x + d) =m, 2coe a + b = ¢ + d. B nannom
clydae BBOIUM HOBYIO mepeMeHHyro t = X% + (a + b)X u momyuaem kBagpaTHOE
ypaBuenue (t + ab)(t + cd) = m. PemuB ero, Bo3BpariaeMcs K HCXOIHON ITePEMEH-
HOM.

/Ipo6no-payuonanvhsie ypasruenus.

Pn(%)

VpaBHeHue Buga —

=0, rme P (x) 1n Q,(X) MHOTOUYJIEHBI, Ha3bIBACTCS
Qn (X) m( ) n( )
P (x) =0,

palMOHANIbHBIM. DTO YPaBHEHUE PAaBHOCUIILHO CUCTEME 0 ( )0
x)=# 0.
n

OO1uX METOAOB pelIeHUs] JPOOHO-PALlMOHAIBHBIX YPAaBHEHUH, TEM HE Me-
HEe, HE CyIIEeCTBYET. Perenne o4eHb MHOTHX U3 HUX OCHOBAHO HA YJIa4YHOM I'pyI-
MUPOBKE U MOCJIEAYIONIEM NPHUBEACHUN CTPYNIUPOBAHHBIX CIIAraéMbIX K O0IIEMY
3HaMeHaTeno. B Gosiee mpocThIX ciayyasx TpynnupoBKa He TpeOyeTcs, a MHOrAa
ypaBHEHUE MOKHO YIPOCTUTh, BBES HOBYIO NepeMeHHyto. [Ipu pemenun panuo-
HaJIbHBIX YPAaBHEHU! BO3HHMKAET OMACHOCTH MOJYYEHHs MOCTOPOHHUX PEIICHHH,
KOTOpasi Kynupyertcst MO0 MPOBEPKOM, JTMOO HAXOKIECHUEM 00JIACTH JOMYCTUMBIX
3HAYEHUH, JTUOO MPOCTO YKAa3aHUEM COOTBETCTBYIOIIMX OIPAaHUYEHUN U JaibHEH-
HIEH MPOBEPKOU MX BBITIOJIHEHUS.

Pemenne n1poOHO-pallMOHANBHOTO YPaBHEHHUS! CBOJUTCS B KOHEYHOM HMTOTE
K 3aMEHE MCXOJHOTO0 ypaBHEHMS LIEJIbIM YPAaBHEHHEM, KOTOPOE PaBHOCHIIBHO HC-
XOJIHOMY YPaBHEHHUIO WJIN SIBJISIETCS €0 CIEICTBUEM.
[Ipu pemenun ApoOHOrO ypaBHEHUS LEIECO00Pa3HO MOCTYINATh CIAEAYIOIUM 00-
pazoMm:

1. onmpenenuTs 001aCTh TOMYCTUMBIX 3HaUeHU nnepemenHoi x (O/13);

2. HaWTW HAaUMEHBITUN OOIIMIM 3HaMEHATEeNb APOOeii, BXOIAIIUX B YpaBHEHHUE;
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3. YMHOXHUTH 00€ 4YaCTH ypaBHEHHsI Ha OOIIMI1 3HAMEHATEeNb U PUBECTH MOJOOHBIE;
4. pemuTh NOTyYUBIIEECs 1IeJI0€ YPaBHEHHUE.
Perenre HEKOTOPBIX BUAOB IPOOHO-PAMOHAIBHBIX YPaBHEHHUM:

1. YpaBuenne Buaa P(X)/Q(x) = 0. Pemaem ypaBuenue P(X) = 0. [IpoBepsieM, yemy
paBHo 3HadeHue Q(Xi), rae X; - kopau ypaBuenus P(X) = 0. Ecau Q(X;) # 0, 3HauuT
OHH SIBJIAIOTCS perieHrueM ucxoanoro ypasuenus. Ecim Q(X;) = O - kopeHb BbIma-
JaeT u3 00JacTH OIpeIeTICHHsI UCXOAHOTO YPAaBHEHUS U €T0 HYKHO MCKIIIOUUTH U3
OTBeTA.

2. YpaBaenne Buaa aP(x)/Q(x) + bQ(x)/P(x) + ¢ = 0. BBoaum HOBYIO IepeMeH-
ayo t = P(X)/Q(X) u moirydaeMm cienyromee ypaBHenue: at + b/t + ¢ = 0. Wu mo-
cie nomHoxkenus Ha t (t # 0) nomyuaem KkBajgpaTHoe ypaBHeHue at? + ct + b = 0.
PemnB ero, Bo3BpanaeMcs K MCXOAHOU MEPEMEHHOM.

3. YpaBHeHue cocTosiiiee U3 CyMMbl apodeii. OuH U3 METOJIOB COCTOUT B TOM,
YTO HY’KHO [IEPEHECTU BCE YJICHBI YPABHEHUS B OJIHY 4acTh U CBECTH ypaBHEHUE K
Buy P(x)/Q(x) = 0.

PanuonajabHbIe HEPABCHCTBA

IIycts ¢pynkuum f(X) U @(X) ONpeneneHbl Ha HEKOTOPOM MHOXECTBE A.

[TocTaBuM 3a/auy: HaAUTH MHOXKECTBO X , HA KOTOPOM 3HAYEHHUS OJAHOU U3 (PyHK-
i 6osblne (MEHbIIE) 3HAYEHUH APYroil U3 HHUX, IPyTMMH CIOBaMH, HAalTH Bce

3HAYCHUS X, IS KOTOPBIX BhIMOJIHsAETCA HepaBeHCTBO: f (X)>p(X) (f(X)<e(X)).

HpI/I TaKOM MOCTAHOBKE KaXXJ10€ U3 OTUX HCPABCHCTB HA3bIBACTCA anre6[3an—

YCCKUM HEPABCHCTBOM C HCU3BECTHHIM X.

Kak nipu perienun ypaBHEHUsI, TaK U TIPU PEIICHUN HEPABEHCTBA TpeOyeTcs
HAWTH BCE T€ 3HAUYECHUS HEU3BECTHOW BEJIIMYMHBI, JJIs KKIOTO U3 KOTOPBIX yKa-
3aHHO€ COOTHOUIEHHUE OKa3bIBACTCS BEPHBIM. 1103TOMY €CTECTBEHHO W ISl HEpa-
BEHCTB BBECTHU MOHSTHS, aHAJIOTUYHbBIE TEM, KOTOpPbIE ObLIIM BBEICHBI JIsl YpaBHE-
HUM.

MHOX€eCTBO A Ha3bIBA€TCS MHOXKECTBOM (O6J’IaCTBIO) JOIMYCTHUMBIX 3HA4YC-

HUM HEU3BECTHOT'O AJI1 JaHHOI'O HCPAaBCHCTBA.
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MHOkecTBO X Ha3bIBACTCs MHOXKECTBOM PEIICHUM JAaHHOTI'O HCPAaBCHCTBA.

Pemutn HCPABCHCTBO — 3HAYUT HAWTH MHOXECTBO BCEX X, U1 KOTOPBIX

AaHHOC HCPABCHCTBO BBIIIOJIHACTCA.

I[Ba HCPABCHCTBA HA3bIBAIOTCA PAaBHOCUJILHBIMH, C€CIIM MHOKCCTBA pemeHHﬁ
HUX COBIIaAArOT, T.C. CCJIN BCAKOC PCIHICHHUC KAKIOI'0 M3 HHUX ABJIICTCA PCHICHUCM

JIPYyToro.

3HaYeHNE HEU3BECTHOT'O Ha3hIBACTCS AONMYCTUMBIM JIsI HCPABECHCTBA, CCIIN

IIpX1 5TOM 3HAYCHUU 00e JacTu HCPaBCHCTBA UMCIOT CMBICII. COBOKYHHOCTI) BCCX

AO0IMyCTUMBIX 3HAYCHUH HEU3BECTHOI'O HA3BIBACTCSA 00JACTHIO OonpcaAcCICHUA HCPA-

BCHCTBA.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I HCPAaBCHCTBA B PABHOCHUJIbHOC CMY:

Kakoe-HuOyap ciiaraeMoe MOXHO TMEpPEHECTH W3 OJIHOM 4YacTH HEpPaBEHCTBA B
JIPYTYIO C MMPOTUBOIOIOKHBIM 3HAKOM;

O06e JyacTu HepaBEHCTBA MOYKHO YMHOKUTh WJIHM Pa3/IeNIuTh HAa OJHO U TO OTIUYHOE
OT HYJISI TIOJIOKHUTENBHOE YUCIIO; €CIU 3TO YMCIIO OTPULATENIbHOE, TO 3HAK HEpa-
BEHCTBA MEHSETCS Ha MPOTHUBOIOJIOKHBIN;

Ecnu HepaBeHCTBO MMeET BUJ f (x) g(x) > (p(X)- g(x) wi f (x) g(x) < (p(x)- g(x)
, TO JIeJeHre 00enx ero yacteil Ha g(x), KaK MPaBUJIO, HEAOIYCTUMO, MOCKOJIbKY
MOXET MIPUBECTH K MOTEPE PEIICHUI.

Mexy pelieHusIMU HEPaBEHCTB M ypaBHEHUI MHOTro oouiero. OTiaundue xe
COCTOUT B TOM, YTO PEIICHUEM HEPABEHCTB Yallle BCEro SBISIOTCS OCCKOHEYHBIC
MHOYKECTBA.

3HAuUT, CACNaTh MOJHYIO MPOBEPKY OTBETA, KAK ATO JIETAETCs JJII ypaBHe-
HUW, HENb3s. [103TOMY OUE€Hb BaXKHO MPU PEIIEHUU HEPABEHCTB MEPEXOAUTH TOJb-

KO K paBHOCHJIBHBIM HCPABCHCTBAM.

K paBHOCHUIIBHBIM HEpaBEHCTBAM IMPHUBOJIAT TOXIAECTBEHHbIE MpeoOpa3oBa-
HUS1, HE U3MEHSIIOUIME 00J1acTh TOMYCTUMBIX 3HAYEHUH.
CBoiicTBa YHUCTOBBIX HEPABEHCTB MPUBEJEHBI B MyHKTE 2.1.

Penienne HepaBEHCTB, COAEPKAIINX KBAIPATHBIN TPEXUIICH
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a-x>+b-x+c.Ilycte D=b? —4.a-C - AUCKPMMHUHAHT KBaJPATHOIO TPEX4JIE-

Ha.
BI/II[ HCPAaBCHCTBA D<0 D>0 D=0
a>0 \/ \V/ * LL.
* xl xz X I[} =
x
a-x>+b-x+c>0 X e (—o;00) | Xe€(=o0X U [X;;0) X € (—o0;0)
) ) Xe
a-x>+b-x+c>0 X € (—o0;00) Xe(_OO’XI)U(XZ’OO) (—OO;XO)U(XO;OO)

a-x2+b-x+c<0 | peueHui HeT X € (X5 %,) pelIeHnit HeT
2 i : b
a-x’+b-x+c<0 | pemeHuii Her X €[X; %] Xo=—7
. X
3; X J >
2 . : b
a-x“+b-x+¢c=>0 Periennii Het X e[X;%,] XO=—2—a
a-x2+b-x+c>0 | Pemennit Het X € (X5 %,) Pemennii ver
2 : _ _ Xe
a-x“+b-x+c<0 XE(—O0,00) XE(—OO,X]_)U(XZ,OO) (—OO;XO)U(XO;OO)
a-x>+b-x+c<0| Xe€(-00) X € (=00, % ] W [X;;0) X € (~00;00)

Pewienue yejvlx payuuoOHAaA/IbHblX HEPABEHCME

eciu B HepaBeHCTBE f(X)< @(x) GyHKIMH f(X) M @(X) 3aHbI HETBIMU PaLIHO-

HaJIbHBIMH BBIPAKCHUAMM, TO CI'O HA3BIBAIOT L CJIBIM PAIIMOHAJIBHBIM HCPABCH-

CTBOM.

Eciu nepaenctso f(x)< ¢(x) mpusectn k paBocmibHOMY f(X)— (X)<0

N PA3JIOKUTH JICBYIO 4YaCTb Ha JINHEHHBIC MHOJXHTCIIN, TO TAKOC HCPABCHCTBO

MOHO pCIINTb MCTOIOM MHTCPBAJIOB.
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CyTb 3TOro METOJ]a UHTEPBAJIOB B CIEAYIOIIEM:
Omnpenenuts 065acTh 3HaUeHUs nepemennon (O/13);
[lepeHecTn Bce B JIEBYIO YacTh U PEUINTh YPABHEHHUE, NPUPABHIB BBIPAKEHUE B
JIEBOM YacTH K HyJI0. Pa3lioKUTh HA MHOKUTEH, CKOOKH COKpAIllaTh HEIb3s,
HaiineHHble KOpHU ypaBHEHHSI HAHECTH HA YHCJIOBYIO OChb. ECIM KOpHHM BXOHST B
O/13, oHU pHUCYIOTCSl 3aKpalllEeHHBIMHU, €CITU HE BXOJST, TO BBIOUTHI. DTHU KOPHU
pa3OMBaIOT YKHCIIOBYIO OCh Ha MPOMEXKYTKH, HA KaXKIOM M3 KOTOPBIX BbIpaKEHHE,
CTOSIIIEE B JIEBOW YACTHU, COXPAHSIET 3HAK;
BbiOpath B KaXJI0OM U3 MPOMEKYTKOB Kakoe-HUOY/Ib 3HaueHue («IpoOHYI0» TOY-
KY) U OIIPEACIIUTD 3HAK BHIPAXKECHUS B 3TOW TOUKE;
BriOpaTh mpoMexKyTKH, B KOTOPHIX BBIpAKEHUE MMEET TpeOyeMbli 3HaK U 3alu-
caTh OTBET, B35B UX O0OBEIUHECHUSI.
Eciu HepaBEeHCTBO HECTPOTro€ HYKHO Y4ECTh KOpHH, Bxonsimue B O/I3 u npuso-

U C YPABHCHUC K HYJIIO.

Pewenue OpooHO-payuoHanIbHBIX HEPABCEHCM G

P(x
JPOOHO palMoHaIbHbIE HEPABCHCTBA L > (0 MOXHO IIPUBECTH K PaBHO-

Qx)
P(x)-Q(x)=0

CHJIBHOMY HEPAaBEHCTBY 1 P (x) =0, TOTJIa METOJI UHTEPBAJIOB IPUMEHUM U
Q,(x)=0

JUISL peIIeHUsT IPOOHO-paIlMOHAILHBIX HEPABEHCTB.

1. PewnTb HepaBeHcTBA

1) x> +2x-32>0. 3) x* —2x+1>0;

2) —2x*+x+3>0; 4) —x* +4x-5>0.

2. PewwnTb HepaBeHCTBA MeETOA0M UHTEPBA/IOB:

g Eaesd) oy G2

x—5 x—5
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x—5 (x=5)

5) (x—3) (x+2)<0;

x—5
3. PewnTb ypaBHeHMe
1) x* —10x* +9=0; 2) x* —3x*+2x% —6x=0;
3) (3x? —x—1) —18x? +6x+6 =0; 4) x* —4x® + 2x+1=0;
4. PelwnTb ypaBHeHuUA:
1) x* -7x-6=0; 2) (x+2)x+4)x+6)x+8)=105;
3) 3x® -13x* +13x-3=0; 4) x* —5x° +4x? +5x+1=0.

Penmts ypasnenus:

4 1
4, —+5=—.
I .'EQ
5 2r°+5:t—7=0.
14x2 N 11 49
16—22 z—4 44
T 2 + ! —1
Cor2+3 2247
3 R r—2 _9
Tr—2 2 —37 9
P—64 9
9 =—r+3.




4. BEKTOPBI U UX TEOMETPUYECKUE TPUJIOXEHUA

I'eomeTpuyeckuii BEeKTOP MpEJCTaBIEH B ABYMEPHOM

B U TPEXMEPHOM TPOCTPAHCTBE B BUJE HANPABIEHHO2O
~ ompesKa, T.e. 0OTpe3Ka, y KOTOPOTO pa3inyaloT Hayajo

A a/’ H KOHEII.
Puc. 4.1 Ecau A - nawano Bekropa, a B - ero xoner, To BEeKTOp

0003HaYaeTCs CHMBOJIOM MJIM OJHOM CTpOYHON OYKBOM
a. B muteparype gacto BekTop o0o3HauaeTcs xKupHbIM mpudTom AB wm a. Ha
PUCYHKE KOHEIT BEKTOpa yKa3biBaeTcs crpenkoi (Puc. 4.1).
DOu3n4eCKUMH NMPUMEPAMM BEKTOPHBIX BEJIMYUH MOTYT CIIYXKHUTh MEPEMEUICHUE
MaTepUalIbHOW TOYKH, JIBUTAIOIICHCS B IMPOCTPAHCTBE, CKOPOCTh M YCKOPEHHE
ATOI TOUKH, a TAaK)KEe JEUCTBYIOIIAsl Ha HEE CHIIA.
JuHO# (MM MO/IyJIeM) FeOMETPUIECKOT0 BEKTOpa Ha3bIBACTCS JJIMHA ITOPOIK-
JAOILETo ero OTpe3ka u o6o3HavaeTcs | AB.
Konnuneapnwie, pagnvie, KomnianapHnsie 6eKmaopbl.

Onpenenenue. BekTopsl, nexamue Ha OJHOW Mps-

MOW WJIM Ha MapayIeJbHBIX MPSIMbIX HA3BIBAIOTCS B Bi
AI / '."‘“—REN
KOJUIMHCAPHBIMH. A //
_ _ _ _ / C
O6o3navaror: AB || AB,;, AB || CD, -
AB me || MN (Puc. 4.2) Puc. 4.2
OmnpeneneHre. BeKTOpbI HA3bIBAIOTCS PABHBIMHU, €CJIH OHU:
B C
1) KonnuHeapHsr;
2) NmeroT paBHBIE MOIYIIH;
3) OauHaKOBO HAIPaBJICHBHI. A D
Puc. 4.3

[Mumyt: AB = CD, Ho AB # AC (Puc. 4.3)
B ¢usmke wacTto paccMarpuBaroTcs 3aKpeliéHHble BeKTOPbI, 3aJlaHHBIC
TOYKOM MPUJIOKEHUS, JJIMHOW U HAIIPaBJIEHUEM. ECIM TOUKA MPUIIOKEHUS BEKTOPA

HC UMCCT 3HAYCHUA, TO €TO MOKHO IICPCHOCUTDL, COXPAaHAA JJIMHY 1 HAIIPABJICHUC B
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1)
2)
3)

J100YI0 TOYKY MPOCTPAHCTBA. B 3TOM ciiyyae BEKTOp Ha3bIBaeTCs CBOOOTHBIM.
Byaem paccmaTtpuBath TOJIBKO CBOOOIHBIE BEKTOPHI.

OHDGI{GHCHI/IC: TpI/I BCKTOpPA HA3BIBAKOTCA KOMILIA-

HAPHBIMU, €CJIM OHH JICKAT B HEKOTOPOU OJHOU IIOCKOCTH _E,.
WK NapaijIe/IbHbl KaKoH-T0 oaHOM mtockocTH (Puc. 4.4). : :
[Ipumepom HEKOMIUIITAHAPHOM TPOWKHA BEKTOPOB MO-
TYyT CIYXUTh HampaBjeHHbIC pEOpa Kyba, MCXOIAIINE W3 Puc.d.4
OIHOMW BEPILIHUHBI.
Jluneitnvle onepayuu Hao 6eKMopamu.
Han BexkTopamMu mpoOM3BOJAAT pa3iMyHbIE AEHCTBUA (Omeparuu). Y MHOXKE-
HUE BEKTOpa Ha CKajsip (YKMCIIO) M CJIOKEHHWE BEKTOPOB HA3bIBAIOT JIMHEWHBIMU
OTEpalHsIMH.

YMHOXXEHHE BEKTOpa Ha YMCIIO.

OHDCIIGJIGHHG: HpOI/IBBeIICHI/IGM BCKTOpa ad Ha CKaJIIp A Ha3pIBacTCH BCKTOP b )

KOTOPBIM:
uMeeT Moayis | b |=| 4 |-|d];
KOJUJIMHEAPEH BEKTOPY & ;
HaIpaBJICH Tak ke Kak BeKTop a mpu A >0 u mpOTUBOIIOIOKEHO BEKTOpPY a IpH A
<0.

O6o3HavaeTcs mponssenenne b = 4 &. B wactHocTn, npu A = -1 umeeM (-
1)- . Bektop -d Ha3bIBaeTCS MPOTHUBOIOJIOKEHHBIM BEKTO-

py & (Puc. 4.5). x
Ecimt a=0 wmm A =0, to A -d=0 — HYJIEBOH BEKTOD.

-

-a
Puc. 4.5

EMy HC IIPUITUCBIBACTCA HHUKAKOI'O OIIPCACICHHOI'O HaIlpaB-
JICHUA, HA4aJI0 U KOHCL COBIIaJarOT.

['eoMeTpUyYeCKU CMBICI OTIEpallii YMHOXEHHS BEKTOpa & Ha Yucio A Co-

cTouT B "pacTsbkeHun" BekTopa a8 B A pas, (eciu | 4 |[>1, TO 3TO JCHCTBUTEIEHO
pactspkeHue, a npu | 4 [<1, — 370 ckaTHe) ¢ BO3MOXKHBIM U3MCHECHHEM HaIpaBiic-

HMU:.
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Ecim |€|=1, To Bexktop € Ha3bIBacTCAd SAMHUYHBIM BEKTOpPOM (OpTOM).

Bekrop a=48°-|a|, ecmu d° equHUYHBIA BEKTOp (OPT) BEeKTOpa a .

Ecnmu nBa Bektopa @u b komnmmHeapHsl, TO OMUH W3 HHUX JIMHEHHO BBIpa-

aeTcs yepes apyroii: d=Ab (wmm b =1a). OueBumno A== |/|b |.

n n ~
+"ecmaub HaIIpaBJICHBI OAMHAKOBO,

— CCJIM ITPOTHUBOIIOJIOKCHO.

Cnoxenue BCKTOPOB.

Onpenenenne: CyMMOW BEKTOpPOB &, d,,...,d,Ha3bIBacTCs BEKTOp R,

3aMBIKAIOIIUN JIOMaHyIO JIMHUIO, MOCTPOSHHYIO M3 HUX TapauleIbHbIM IEpPeHO-
COM, KOI/Ia KOHEIl MPEIbIAYIIEro BEKTOpa SBJISIETCS Haua-
-
JIOM CJIEIYIOIIEro, IPUYEM HAa4ajlo €ro B HayaJle BEKTopa g, b
_ = - {:l
, KOHeIl B KOHIIe BekTopa &,. Obo3Hauaror: R= a,/ =
a, +a, +...+3a,

N3 sToro obimiero npasuia JETKO CleAyeT YI00HOe b

Puc. 4.6
OpaBWIO HapajuiejorpaMMma JIJjIs1 HaAXOXXICHUS CYMMbI JIBYX

BEKTOPOB: CyMMa JIByX BEKTOPOB & W D , mpuBeAEHHBIX K oHOMY Hadaiy O, ecTb

BEKTOp—IMAroHaJb MapajuieiorpaMma, MoCTPOSHHO-

ro Ha BekTopax a u b kak Ha ctopoHax (Puc. 4.6)

N3 pucynka 4.6 BHIHO, 4YTO BEKTOp—

JIMaroHaab R=da+b saBisgercsa 3aMbIKaHUEM JIO-

MaHOM M3 BEKTOPOB & M D, 4TO coryacyercs ¢ 00-

MM ITPAaBUJIIOM CJIOKCHHA. Pue. 4.7

U3 O6HICFO JKC IIpaBUJIa CIICAYCT W IPABHUIO IAPAJJICIICIIMIICA HAXO0XKIC-

HUS CyMMBI TP€X BEKTOPOB, IPUBEIACHHBIX B
onHo Hayasio O (M HE KOMIUIAHAPHBIX): 3TO
€CTh BEKTOp—IUaroHajab MapajulelIeNuIe]a,
MOCTPOEHHOTO Ha JAHHBIX BEKTOpax, Kak Ha

croponax (Puc. 4.7).




1)
2)

4)

6)

7)
8)

Onepanys BeIMUTaHHUS BEKTOpoB d u b (00o3Hauaetcst a-b ) mormmaercs

KaK CII0)KCHHE BEKTOpa @ C BEKTOPOM -0 , TPOTHBOIOJIOKEHHBIM BEKTOPY b .

Ha mpakTtuke mo Bektopam d u b, mpuBenéHasiM B oHO Hadano O, cpa3y

cTposT BekTop BA=8-b, kak uaymmii u3 KOHIIA BRIYMTAEMOTO BEKTOpa D B KO-
HEI[ yMeHbIlaeMoro Bekropa a. (Puc. 4.8)

CBOHCTBA TUHENHBIX OHEPALIU.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPAMHU:

d+b=b+a (KOMMYTaTUBHOCTb CJIOKEHUS WU IEPEMECTUTEIHHOCTH )

a-+ (5 +c)=(a+ b )+¢ (accolMaTUBHOCTD CIOKEHUS MIIA COYETATENbHOCTD)
3) a+0=a (CylIecTBOBaHUE HYJIEBOTO BEKTOPA)

Jlst mro6oro BeKTOpa @ CYHIECTBYET €My IMPOTHUBOIIOJIOXKEHHBIM BEKTOp —a, Tak

aro d + (—d) =0

5) 1-d=a (CyIIeCTBOBaHUE BEKTOpPA PABHOTO JAHHOMY)
a(fa)=(ap)a, (accoIMaTUBHOCTh YMHOXKEHUS HA CKaJISP)
Ala + b )=Aa + Ab; (pacnpenenuTenbHbIe CBOMCTBA OTHOCH-
(ax+ pPa=aa+ [a. TEJILHO YMHOKEHHUS Ha CKaJIsp)

[IpocTpaHCcTBO, B KOTOPOM OIPEIECICHBI JAHHbIE JIMHEUHBIE ONEpPalUd HAJ
BEKTOPaMH, Ha3bIBAIOT JJUHEUHBIM.

lIpoexyus eexmopa

ITpoekuueii Bekropa M;M, Ha 3aganHyI0

och | Ha3bIBaeTCS YMCIIEHHOE 3HAYCHHE BCKTOpa

N:N2 Ha ocu | (Puc. 4.10a). ITpoekiueit Bek-

Topa d Ha BEKTOP D Ha3bIBacTCs MPOCKIUS BEK-

TOopa & Ha 0Ch, UMEIOILYIO C BEKTOPOM D ou- Puc. 4.10a

HakoBoe HampasieHue (Puc. 4.100).

npga = ‘E‘COSa , TJI€ a- YTOJI MEXKly BEKTOPOM 8 U

ocbio | . / \
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2)

Ceolicmeo npoekyuii:

1) [Ipoekiusi CyMMBI BEKTOPOB Ha OCh PaBHA CyMME MPOEKIUN ITUX BEKTOPOB, T.€.
Hp|(§ + 5)=Hp| a+ Hp|6 ,

MIPOEKITUS TPOU3BEICHUS BEKTOpa 8 Ha YMCIIO A paBHA MIPOU3BEJICHUIO YKCTIa Ha

MpoeKInio BekTopa a, 1.e. [Ipy A-a=Allpia.

Paznoowcenue eekmopa no 6azucy.

ITycts 3amaHbl BEKTOPHL &;,d,,...,d, U YUCIA &, dy,...,0,. COCTaBUM KOM-

6I/IHaI_II/IIO N3 3TUX BCKTOPOB, HUCIIOJIB3Ys TOJIBKO BBCIACHHLIC JIMHEHHBIE KOMOWHa-
MU CJIOXKCHHA M YMHOXXCHHA BCKTOpa Ha 4YHUCIIO. B camom O6HIGM ClIydyac OHa

UMeEeT BUI: o,d, + a,d, +...+ a,d,. Takue KOMOMHALMK Ha3bIBAKOTCS JIMHEHHBIMU
KOMOMHALUAMH BEKTOPOBE,, d,,...,d,, & YACHA &y, Xy,...,0 , KOIPPUIIIEHTaMU -

HEWHOW KOMOWHAIINH.
Ecnu BekTop mpeicTaBiieH Kak JUHEHHAs KOMOWHAIMS HEKOTOPBIX BEKTO-
POB, TO TOBOPAT, YTO OH PA3JIOKEH IO ’TUM BEKTOpPaM.

Teopema 1. IlycTe naH HeHyneBOM BekTopd . JIF0OOW KOJUIMHEApHBIA €My

—

BeKTOp b mpeicTaBieH B BHAe b = qdenuH-

B C
CTBEHHBIM 00Pa30M. -
Teopema 2. Jt060# BeKTOp 8 Ha IUIOCKO- :
CTH MOXET OBITh PA3JIOKEH 10 IBYM HEKOJUIMHE- E:
apHBIM BEKTOpaM € U €, €IUHCTBEHHbIM 00pa- O -el':' A
1 Puc. 4.11

30M.
Ez’:alé] +052é2.
HexomnuneapHble BEKTOPBI €; U €), B3ATHIE B OINPEIEICHHOM IOPSJIKE,

HA3BIBAIOTCSl 0a3MCOM Ha TIJIOCKOCTH, a KOA(PPHUITMEHTHI JTUHEHHONW KOMOWHAIIUN

KOOpJAMHATaMU BEeKTOpa d B 0asuce €;u é€;.
Teopema 3. Ecnu €;, €5, €;Tpu HEKOMIIJIAHAPHBIE BEKTOPA, TO BCAKUN YETBEPTHIiA

BCKTOp a PacKiIagbIBACTCA IO HUM M 3TO Pa3JIOKCHUEC CAUMHCTBCHHO.
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Onpenenenue:  JoOble [1Ba HEKOJUIMHEAPHBIX YIOPSAJOYECHHBIX (B3SATHIX B

OIIPEICIICHHOM TOPS/IKE) BEKTOpa Ha IUIOCKOCTH HA3BIBAIOTCS 0a3WCOM Ha JTOM

IJIOCKOCTH. JIroOBIe TPHU HCKOMIIJIAHAPHBIC YIIOPAJOYCHHBIC BCKTOPA B IIPOCTPAH-

CTBE HA3bIBAIOTCA 0a31MCOM B IIPOCTPAHCTBC.

Takum o0Opa3oM, B NPOCTPAaHCTBE C BBIOPAaHHBIM 0a3UCOM €;,6,,63 HaM

YOAAJIOCh KAKIAOMY BCKTOPY IIOCTABUTH B COOTBCTCTBHUC TpOﬁKY YHUCCII - Cr0 KOOp-
JUHAT. TGHCpI) ITPHU BBIINIOJIHCHHUH BBCIACHHBIX onepauﬂﬁ HaJl BCKTOpaMH MOKHO

3aMCHUTDH FCOMeTpI/I‘-IeCKI/Ie HOCTpOGHI/IH dHAJIUTUYCCKUMU BBIpa)KeHI/I}IMI/I.
Ilycts 8 = €, + a,€, + 365, b = [i€ + S,€, + 365,

Torga d+b = (aq + B)E +(ay + )8, + (a3 + B3)6;

u Ad =(Aa))é; + (Aar)ér + (Laz)és.

Taxkum oOpa3oM, NP YMHOKEHHH BEKTOpa Ha YHUCJIO BCE €r0 KOOPAUHATHI
YMHOJKAFOTCSI Ha 3TO YHCIIO, a IIPH CJIIOKCHUU BEKTOPOB CKIIAJBIBAIOTCS MX COOT-
BETCTBYIOIINE KOOPIAWHATHI, €CJIM OHU ONPE/IEICHB OTHOCUTEIBHO OJTHOTO U TOTO
ke Oasmca.

Hexapmosbl npsmoy2oibHble KOOPOUHAMbL

OnpeneneHue. AEKAPTOBOM CHUCTEMOW KOOPAMHAT HA3bIBAIOTCS COBOKYII-

HOCTh TOYKHU ¥ 0a3uca. Touka O - Hayano koopauHat, OX,0y,0z - koopAuHATHBIE
ocu, Oxy,0yz, OXz -koopAMHATHBIC TIJIOCKOCTH.
Ocpb OX Ha3pIBaIOT OCKIO abcyucc, ock OY - ocbto opournam u ock OZ - OChIO
annauxam.
YacTo UCHoJIb3yeTCs B IEKAPTOBOM CUCTEME KOOPIMHAT, 0a3UCHBIE BEKTO-

PBI KOTOPOM B3aMMHO NEPIIEHAUKYJISIPHBI U UMEIOT €IMHUYHBIC JIJINHBI:

i LjLk, \T\:\i\:\ﬂ:l.
z
. ~ M,
Pa3noxxuM nmpou3BOJIBHBIN BEKTOP d TpEXMeEp-
HOTO MPOCTpaHcTBa mo opram. [lus sroro mo- k M M
a 2

ctpouM BekTopOM , paBHBIII BekTOpy @
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(Puc.4.12). Torna d=Xi + Yj + zK, uHaue BekTOp & MOXKHO 3aIKCATh B BHUJIE:
a=(xy,2z).

W3 eTMHCTBEHHOCTH Pa3JIOKEHUS BEKTOpa & IO OpTaMm, CIEIyeT, 4TO eCIIU
KOOPJMHATHI MOOBIX BYX BEKTOPOB &(X,,Y,,Z,) ¥ D(X,,Yp,2Z,) PABHEL T.e.
Xa=Xb, Ya=Yb , Za=Zp, TO ITH BEKTOPHI TOKE PABHEI.

BextopOM , maymmii oT Hagana Touku O k Touke M (X,Y,Z) Ha3bIBaeTcs
paouyc - 6eKmopom TOW TOYKH, U €r0 KOOPIWHATHI
OM (X, Y,Z) COBHAJAIOT C COOTBETCTBYIOIIMMH KOOP-

JTMHATaMH TOYKH M.

HYCTI) Ag - BCKTOP, KOOPAWHATBI Ha4ajla U KOHIIA

KOTOPOT'O U3BECTHEI A(X1, Y1, Z1) u

B(Xz2, Y2,Z2). Torma xoopamHatsl BekTopa AB X Puc. 4.13
BeIpakaroTcs o popmynam: X =X, —%,Y =Y, —V,,Z =2, — Z;.
U3 puc. 4.13 BuaHO, ut0 AB =T, +T,.
Hcnons3ys cBoiicTBa mpoekiuit, umeem: X = IIp,, AB = Ilp,, (F, —1,)=X, — X, 1
aHAJIOTMYHBIM oOpazoM HaxomuMY =Y, — V,,Z =2, — Z;.
Pasnoxxenue BexkTopa AB 1o opTam OyJeT UMeTh cleayloIuil BU:
AB =(x, = x )l +(y, = y1)i +(z, -2, k.
IlepeMHOXkEHME BEKTOPOB M CBOMCTBA HE3aBUCUMOCTH BEKTOPOB MOAPOOHO

paccMaTpUBaIOTCA B KypCe BBICIIEH MATEMATUKH.

3agaum

—

1. JlaHBI BEKTOPBI §:2i—4]+R U B:—i+]+3i Haitu mp_ . b.

2. Haiitn xocuHyc yria, 0Opa30BaHHOTO BEKTOPOM b=10i — 22 -]—GE u

ocero OZ.

3. JlaHBI BEKTOPHI 8 = 5] +k u b=i+ 4] +3K. Haittu KOCHHYC yTJia MEXKIY

JMaroHaJsIMU TapajuiesiorpaMmma, OCTPOCHHOTO Ha BEKTopax au b.
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4. JlaHbl BEKTOpHl a =—6 -5k u 5{5; J3; 6}. Boruncnute an(é + B)

5. Haiitu xocuHyc yria, obpa3oBaHHOrO BekTopoM da=31—2]+K u ochio
oV.

6. JlaHbl BEKTOpHl & = {3; 1 —1} u b=-2i+ 3] + 4K. Haittu KOCUHYC yTJIa,
06pa30BaHHOTO BEKTOPOM & + b 1 ocbio OX.

_—

7. Jamel Bektopel  AB = i— 3] +k U AC=2i+ 4] +K. Haiitu
up__(AB + 2AC).

8. Bemumcnnts mpoekunuio BekTopa a=51+2]+5K Ha ock BekTOpa
b=2i- j+2k.

9. OmpemenuTh yroja MEXIy AMATOHAISIMH MapajiesorpaMma, TOCTPOSHHOTO
Ha BekTopax a=3i+4j+5k u b=4i+5j-3k.

—

10. Ompenenutb, NMpU KAKOM 3HAYEHUHM M BEKTOppl ad=Mi+] u

b=3i- 3] + 4K NEPIICHIUKYIISPHBI.

11. OmnpenenuTh, MpU KAaKOM 3HAUYECHHM O BEKTOppl a=oi—3]J+K u

5{1; o, 2} B3aUMHO MEPIECHANKYJISAPHBI.

12. JlaHbI BEPILUHBI TPEYTroJIbHUKA!
A(—l; -2 4), B(— 4; —2; O), C(3; -2 l). OnpenenuTs BHYTPEHHUM Yroj TpHU

BepiinHe B.

13. Jlanbl BepIIMHBI TPEYroJIbHUKA: A(3; 2; —3), B(5; 1 —1), C(l; —-2; 1).

OnpenenuTh BHYTPEHHUM YTOJI IPU BEpIIMHE A.

14. Haiitu BekTOp X, KOJUTMHEAPHBIA BEKTOPY 5{2; 1; —1} U YIOBJIETBOPSIIO-
i ycioBuio X -a=3.
15. Naubt 1ee Toukn M(=5; 7;—6) u N(7; —9; 9). Boluuciurs npoexiuio

BEKTOpa é{ 1 -3, 1} Ha ochb BekTopa MN.

—

16. Jlanbl BEKTOpHL: d = 2i— 4] +k u b=—i+ ] + 3K . Bbraucuts mp, . b.
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17. Haliti OCTpBIM yrosl MEeXAy AUMaroHaJsIMU IapajulesiorpaMmma, MOCTPOEH-

HOTO Ha BekTOpax a{2; 1, 0f, b= —j +k.

18. Jlanbl Tpu BEeKTOpA: 5{3; —6; —1}, B{l; 4 — 5}, c=3i— 4] +12K . Haiitn
p, (ﬁ + B)

19. Jlanet Tpu BekTopa: a{l —3; 4}, b{3;, —4,2}, T= —i+ ] + 4K . Haiitu
Hp5+é a.

20. Hanti oCTpBIi yron Mexay AUaroHasIMU NapajuiesiorpaMma, OCTPOSHHO-

ro Ha BEKTOpax 5{2; 1 O} u 5:—2]+R.

21. JlaHbI TpH BEKTOpA: 5{3;— 6;—1}, 5{1; 4; — 5}, c=3i— 4] +12K . Bbruic-
JUTh TP, (B + E).

—

22. Haiitu BekTOp X, 3Hast, 4YTO OH MEPICHIUKYIApEH BekTopam a=21—K wu
b=3j
¥ YIOBJICTBOPSIET YCIOBUIO X - (Zi - J+ k): —6.

23. Haiit BeKTOp X, KOJUIMHEAPHBIA BEKTOPY & = 2i+ ] ~Ku yIIOBJIETBOPSI-
IOIIUHN YCIOBUKO X - b=6.

24. JlaHb1 BEPILUHBI TPEyroJIbHUKA!
A(—l; —-2; 4), B(— 4, —2; O), C(3; —-2; 1). OnpenenuTs BHENIHUM Yroja IIpu
BEpIIUHE A.

25. JlaHbl BEpUIMHBI TPEYroJIbHUKA! A(3; 2; —3), B(5; 1 —1), C(l; —2; 1)

OnpenenuTs BHEIIHUM YTOJI P BEPIIMHE A.

26. Jlan Bextop a=3i+2 j—K 1 Touxn M(3; -1 2)u N(4 —2; 1). Haiitu
mp 4.
27. B TpeyroibHHKE C BEpIIMHAMU A(2; -1 3), B(kL 1, C(; 0; 5).

OrnpenenuTs BHYTPEHHUN YTOJI IPU BEpILIMHE A.

28. JlaHbl BEKTOPBI é{l; -1 2} u 5{2; -2 1}. Havitu npoexuuro BekTopa

C =34 — b na manpasnenne Bexropa b.
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29. JlaHbl BEpLIMHBI TPEYTOJIbHUKA! A(4; 1 O), B(Z; 2; l), C(6; 3; 1). Haititu

MIPOEKIUIO BEKTOPa AB Ha cropony AC.

30. JlaHbI BEKTOPBI §=31—6]—E, b 1+4j—5§, E:Bi+4j+2i<>.

Haiitu mpoekiuto Bektopa a+C Ha BekTop b+ C.
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5. HOKA3SATEJIBHAA ®YHKLIMUS. IOKA3ATEJIBHBIE YPABHEHUSA
N HEPABEHCTBA

Omnpenesenue 1 cBOMCTBA NOKa3aTebHON GyHKuuM. I'paduk nokasareib-

HOW (PYHKIUH.

Oyukruto Buaa y = 8%, rae a > 0 u a # 1, Ha3bIBAIOT noxkasameibHoU GyHKyuel.

OcHOBHBIE CBOMCTBA MOKa3aTeIbHON QyHKIIMHU Y = a%:

CBoiicTBO a>1 O<ax<l1
OObnacTh ompeneIcHHs D(f) = (-o0; +00) D(f) = (-o0; +o0)
OO6nacTh 3HaYCHUH E(f) = (0; +o0) E(f) = (0; +o0)
MOHOTOHHOCTB Bospacraer Yo6niBaeT
HenpepbpiBHOCTB HenpepriBras HenpepriBHas

I'paduk nokazarenbHOM PyHKIUM

['padrxom nokazatenbHON PYHKIUU SBIAECTCI 9KCHOHEHMA.

y y
X X
y=2a y=2a
a=1 0=a=<1
1 X ! X
" . |
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKITHI (9KCTIOHEHTHI)
Pa3zanunbie coco0bl pelieHus MOKAa3aTeJIbHbIX YPABHEHUIT U HEPABEHCTB.
IlokazamenvHbimMu HA3BIBAIOTCSA YPAaBHEHUS W HEPABEHCTBA, B KOTOPHIX HEM3BECT-
Has TIepeMEeHHasi HaXOIUTCS TOJIBKO B MOKA3aTENAX KaKUX-TH00 CTETIeHEH.

Pewenue nokazamenvhnwvix ypa(meuuﬁ
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AR

Teopema 1. ITokasarensHoe ypaBHenue a ' ® =a9® (rpe a > 0, a # 1) paBHOCHIIL-
HO ypaBHeHHIO f(X) = g(X).
OcHoBHbIE QOPMyYJIBI U AEHCTBHS CO CTENEHAMU:

a>0,b>0:

k

a’=1,1%=1; aH:W(keZ,neN); a‘xzix; a*-a’=a"";
a

a—y:ax‘y; (@) =a¥; a*-b*=(ab)"; a—xz(éjx .
a b* \b
OcHOBHBIE METO/IbI pellleHNs] MOKA3aTeJbHbIX YPABHEHHUI

Merton npuBeieHUsI CTENEHEN K OJJTUHAKOBOMY OCHOBAHUIO.

Brinecenue 00111€ero0 MHOXKHUTENS 38 CKOOKH.

Merton BBeieHUS HOBOM ITIEPEMEHHOM.

MeTo no4IeHHOTO JEJICHMUS.

['padpuueckuit meTo.

|. YpaBnenus Buga a’®=1. (Meroa npuBeJeHusi cTeleHeil K 0MHAKOBOMY
OCHOBAaHMIO).

Il. YpaBnenns Buaa a”®=q* (MeToa NpuBeIeHNs cTeNeHell K 0IMHAKOBOMY
OCHOBAHMIO).

I11. YpaBuenus Buga Aoa™ %o + A1a™ ™ +42a™; + | +40a™ =M. (Bbinece-
HHe 001ero MHOKHUTEJIA 32 CKOOKH).

[IpuBeném oOLMI aNroOpuTM METOJA BBIHECEHHUS OOILIEro MHOXHTENA 3a
ckoOKM Ha mpuMepe ypaBHeHus Aoa™ o + A1a™ M +A42a™ )+ +A4,a™ K =M:
BBIHECEM OOIIMIT MHOKHUTEIb 32 CKOOKHU: a™ (Aoao + A1a*t +A2a% +  +A4na", )=M;
0003HAauNM BBHIPAKEHHE B CKOOKaxX Aoa¥o + A1a*y +Aa% +  +A4nd, =N;

MOJICTaBUM 3aMEHY B M3HauanbHOE ypaBHeHue a™ N =M;

TIOJIYYHMM MPOCTeiIee mokasarensHoe ypaBHenue a™=M/N;

HAXOJUM pEIICHHE 3TOTO0 ypaBHEHUS MpH ycioBuH, uto eciu M/N<0, to ypaBHe-
HUE PEIICHUN HE UMEET.

IV. YpaBHenusi Buaa Aoa®™ + Ara* +A4> =0. (MeToa BBeeHUsI HOBOI MepeMeH-

HOI).
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[TpuBeném 00U aNropuT™M METO/a BBEJECHUSI HOBOWM NMEPEMEHHON HA MpPHU-
mepe ypasHeHus Apa® + Aja* +A4, =0.

Ecnu B nmokazarenbHOM ypaBHEHHHM BCE OCHOBAaHMS OJMHAKOBBI, a IMOKa3aTe-
JIM CTETIEHEW — Pa3HbIE, TO:
MIPUBEIUTE K OJHOMY ITOKa3aTeN0 CTEIICHH U MOJYyYUTe YpaBHEHUE C OJUHAKOBBI-
MU OCHOBAHHMSAMHM M OJMHAKOBBIMH MOKa3aTeNsAMU cTeneHel, Hanpumep Ao (a*)? +
Alax +A4, =O,
cAeNaiTe 3aMeHy MepeMEHHOM, HanpuMep a*=y;
PEILINTE ypaBHEHUE OTHOCUTEIBLHO STOM HOBOM mepeMeHHoM (Ao y? + A1y +A4; =0);
cenaiTe 0OpaTHyIO 3aMEHYy MePEMEHHOM U MOJIYyYHUTE COBOKYITHOCTh MPOCTEUIIINX
MOKa3aTeIbHbIX YPaBHCHUM.
V. Ypasuenus Buaa Aoa* + A1’ +420*=0. (MeToa no4ieHHOro JejieHusl).
OnHOpOIHBIE YpaBHEHUSI BTOPOU CTEIICHU B OOIIIEM BUJIE MOYKHO 3alMCcaTh TaK:

AOaZf(x) 4 Alaf(x)bf(x) i A2b2f(x) —0

riae Ao, A1, Az, a u b — HekoTopeie unciia, mpudém a U b — TOJOKUTEIIBHBI M OT-
JIUYHBI OT €JIUHUIIBI.
YToObI IPUNTH K TAKOMY BUJY, IOYTH BCET/Ia YpaBHEHUE TPeOyeTCs peaBapu-

TCJIBbHO Hpeo6paBOBaTI>. qame BCCTO YPABHCHHUC 3aIIMCBIBAIOT B BUAC
f
AOaZf(x) 4 Al(ab) (x) + A2b2f(x) =0
3anumem IMPHU3HAKH, KOTOPBIC ITO3BOJIAT OTIMYUTL OJHOPOJHOC YPAaBHCHHUC OT

YPaBHEHUN IPYyroro BUAA.

HDI/I3HaKI/I OJHOPOAHOI'O ITOKA3aTCJIIbHOI'O YPABHCHU S BTODOﬁ CTCIICHU

YPaBHEHHUE COJNEPKUT POBHO TPU CTENEHU C Pa3HBIMU OCHOBAHUSIMU;
MOKa3aTelNld IByX CTETIEHEW POBHO B JIBa pa3a OoJIbIlle TIOKa3aTessl TPEeThel cTerne-
HU;
OCHOBAHMUE ITOM TPEThEU CTENEHU PABHO MPOU3BEICHUIO OCHOBAHHUM JIBYX APYTHX
CTEIICHEN.

[IpuBeném oOIUI aNrOpUTM METOJIa TOYJIEHHOTO JCJICHUS Ha TMpUMEpe

ypaBHenus Aoa* + A1a? b ¥ +4,b* =0.
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Ecii B moka3aTeIbHOM YpaBHCHHH BCTPEUAIOTCS JBA PAa3HBIX OCHOBAHUS CTeE-
TICHEH ¢ pa3HBIMH ITOKA3aTeISIMH, TO:
NPUBEIUTE K OJUHAKOBBIM ITOKA3aTesM CTEICHEH M TMOJIyYHTe ypaBHEHHUE C
JIBYMsI pPa3HBIMH OCHOBAHHSMH W OJMHAKOBBIMU (HMJIM KPATHBIMH) MOKA3aTEIISIMH
CTEIICHEH;
paszennuTe Bce ypaBHEHHE MOYWICHHO HAa MECHbBIIIEE OCHOBAHWE B CTEIICHH YpaBHE-
Hus (Hanpumep Ha b* . 0). [IpeoOpa3yiiTe qpodu ¢ MOMOIIBIO TOKAECCTBA CTCIICHH
IpoOW M TOJyYWTEe TIOKA3aTEIbHOE YpPaBHEHHE C OJWHAKOBBHIMH OCHOBAHHSMH H
OJIMHAKOBBIMH MOKa3zaTelsiMu creneneil (Ao(a/b)* + A1(a/b)”? +4,=0);
caenaiite 3ameny nepemennoi ((a/b)"*=y);
peInTe ypaBHEHNE OTHOCUTENILHO 9TOH HOBOM nepeMenHoi (Agy? + A1y +A4, =0);
cenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX
MOKa3aTeIbHBIX YPaBHCHU.

V1. Ypapuenns suaa a?®=f(x). (F'paduuecknii cnocod).

Pewienue nokazamenvhnwvix Hepasencmsa.

OHDGI[@J'ICHI/IC: H}’CTB d - JaHHOC ITOJIOXKHUTCIBHOC, HC paBHOC CAMHUIIC YN C-

no u b- mannoe neiicrButenbHoe umcio. Torma HepaBeHcTBa a” >b (ax Zb) "

a*<b (ax < b) Ha3bIBAOTCS NPOCMEUUMU NOKA3AMENbHLIMU HEPABGEHCNEAMU.
PemieHnem HepaBeHCTBA C HEM3BECTHBIM X HA3bIBAIOT YHUCIO X, IIPH MOJI-

CTAaHOBKE KOTOPOTO B HEPABEHCTBO IMOJYYaeTCs BEPHOE YHCIIOBOE HEPABEHCTBO.
PeruTh HEpaBEHCTBO - 3HAYMT, HAWTH BCE €r0 PEIICHHS HITH ITOKa3aTh, YTO UX HET.
Teopema 2. Eciu a > 1, To HepaseHctBo a ' ® > a 9 ® papHocunsHoO HepaBeHCTBY
toro xe cMmbicia: f(X) > g(x). Eciu 0 < a < 1, To nokazareabHOE HEPABCHCTBO

a'® > a9 paprocubHO HEpaBEHCTBY NPOTUBONONOKHOTO cMbicha: f(X) < g(X).

Memoowt peutenusn noxazameibHblX HEPABEHCME.
1. Iloka3aTe/ibHbIe HEPABEHCTBA, CBOASIIIUECH K MPOCTEHIIINM.

2. MeTo/1 BBe/leHHsI HOBOM NepeMeHHO}A.
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MeTtoa BbIHECEHHUS 00IIero MHOKUTEJIA 32 CKOOKH.

MeTo NOYJIEHHOTI0 AeJICHH.

MeTOIl panuoHaJIn3alun.

Metoa palMoHa M3alMy 3aKI0YaeTCsl B 3aMEHE CJIOXKHOTO BhIpakeHHs F(X)
Ha Oosiee mpocroe BeipakeHue G(X), mpu kortopoit HepaBeHcTBO G(X)VO paBHO-
cribHO HepaBeHCTBY F(X)VO B oOmactu onpenenenust Beipaxenus F(X). [lox 3Ha-

KOM V MOoApa3yMeBaeTcsl OAUH U3 3HAKOB >,<,> <.

u,-u, -...-u
JIro60e HepaBeHCTBO MPUBOANMO K BHIY ———2 "nvO0,
Vy oV sV
rae Ui,...,Un,V1,...,Vk — HEKOTOpble (PyHKIHHU. JIOBOJBHO YACTO KAXKIYIO U3 HHX

MO’KHO 3aMEHUTbH Ha APYTYI0 3HAKOCOBMAJAIONIYI0 (DYHKLHIO HA 00JIaCTH Ompese-
nenwusi. [IpuBenémM OCHOBHBIE THIIBI BBIPAXKEHHM, JIJIsI KOTOPBIX MOXKHO HCTOJIB30-
BaTh METO/] pallMOHATIN3ALIUY.

B niepBom cronbiie Tabmuibr — dyHkus F(X), KoTopyro Mbl palluoHaTH3H-
pyeM. Bo BTropom cronbie — dynknus G(X) — 3HakocoBmagaromas ¢ GyHKIueH
F(x) Ha obnactu e€ onpeneneHus. [Ipu 3TOM, UCHONB3Ys] METO]] pAIlMOHATA3AIIUH,
HeJb34 3a0bIBATh PO 001acTh onpeaeneHus QyHkuui. [lpu pemenuun 3agaun uc-
XOJTHO€ HEPABEHCTBO MPEe0Opa3yeTcsl B CUCTEMY: pallMOHAIM3UPOBAHHOE HEPABEH-

ctBO 1 O/[3 uCX0IHOrO HEPABEHCTRA.

Boipa:xenue F Boipaxenue G o3
h(x)™®@—h(x)o® (h()—1)-(f(x)—a(x)) h(x)>0
h(x)™—-1 (h(x)—1)-f(x) h(x)>0
f(x)"®—g(x)" (f)-9(x))-h(x) f(x)>0,9(x)>0

Teopema 3. Ioxasarensroe HepaserctBo a(x)' ™ >a(x)?™ pasHocHIBHO clte-

a(x)>0,
JYIOIICH CUCTEME HepaBeHCTB: < a(Xx) =1,

(@(x) -D(f (x) - 9(x)) 2 0.
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23.

24.
25.
26.
27.
28.

29.

30.
31.
32.
33.

34.

35.
36.

Lils
Pemnrn [MOKA3ATE/ILHLIE VPDABHCHNA!

V1T = 2

d
32—.3 —6- 32.n — 32.r+1_
2.6°4+3.6°1=325.3"1,
49+ L 55. 771 _56=0.
32:1.'+5 _ 22::|:+7 4 32:+4 _ 22.1:+=1 —.

4. 32.1: . 222—; _32.1:+1 . 221‘ =0
]. 7 o=
672 — (E) +36%7 =66.

(2° =2z +2)" ~*=(a?— 20 +2)* "
3.2%7 16T —2.3% =.

5*—1=y6+2-5%.
r— 4|V 5= |z — 4|

3
T
Haittu npoussenenne kopueil ypasnenms rlofer ="

2 Al 2
Haiitu cymmy xopneil ypasnenns 27 +2% 73 — 27+l =7. 25746

4
Haittu cymmy kopueit ypaepnenus: /x — 1, 5(2‘I +8-27F — 6) =0.

HailTu HauMeHbIIHe He/Ible T, VIOBJIETBOPAIONINE HEPABEHCTBAM:

24.
25.
26.
27.

28.

29,

30.
31.
32.

Frtl _gz+2- 9. 57 9.3z 1
Tz+2 _ 8:+2 < 6- -Ta.-+1 —7. 8.r:+1_
22r _3.97 4 92<L0),

Qe+l _3z+3 ~3c_ 3

9 2 4dx 8 x+2
- e _
(5) ()

br—1 5

1
(0,2)3—x {(E) :
5YFEmploveieg

r—3)7 91,
(z—3)"
(r+ 1)E3_4 =1

Pemurn HepapelncThRa:

33.
34.

35.

3\f:13+1+1 _28_'_32—\;:1.'+1{0.

(z+1)= 36 <1.
647 _ 3.4 3

422 1 “4e—1 47+1
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JJOTAPUOMHNYECKAA @YHKIUSA. TOTAPUOMHUYECKUE YPAB-
HEHUSA U HEPABEHCTBA

Omnpenesnenue u cBoiicTBa Jorapupmudeckoi pynkuuu. I'padux jgorapudg-

Muuyeckou pynkuuu. Jlorapupmuueckas pynkuus. Jlorapugmnol.

Omnpenenenne: JlorapumMoM THOJOKHUTEIBHOTO YMCIa D Mo ocHOBaHUIO @,

rae a > 0, a#l , Ha3pIBaeTCs MOKa3aTesb CTENEHH, B KOTOPYIO HaJ0 BO3BECTH YHC-

J10 &, 9YTOOBI TTOTYyYHuTH D.

1

1
Hanpumep: 10928 = 3, Tak xak 23 = 8; log 3 9 =2 rakkak32=9:

log;7 =1, Tak kak 7* = 7.

Ormpenerennue norapudMa MOKHO 3aIHcaTh Tak: a *=° =b. D10 paBeHCTBO Crpa-
BeanuBo mpu a > 0, b > 0, a#1. Ero 0o0bIYHO Ha3bIBAIOT OCHOBHBIM JIOTapupMHu-
YEeCKUM TOXKIAECTBOM.

JlelicTBre HaxOX/IeHUs JoraprudmMa 4ucia Ha3pIBalOT JOrapu(pMupoBaHNEM.
JleficTBUE HAXOXKICHHS YKCIIa MO ero JiorapudMy Ha3bIBAIOT MOTEHIIUPOBAHHEM.
CaoiicTBa orapuMos.

[Tpu BeIMOTHEHUHU TTPEOOPa30BaHU BRIPAKEHHM, COAEpKANTUX JTOTapU (MBI, TIPH
BBIUHCIICHUAX U MPU PEIIEHUHA YPABHEHHUIN YaCTO UCMOJIb3YIOTCS PAa3JIUYHbIE CBOM-
cTBa JjorapupmoB. PaccMOTpUM OCHOBHBIEC U3 HUX.

IMycts a > 0, a#1 ,b >0, ¢ > 0, r — moboe mericTBUTENBHOE unciao. Torma crpa-

BEJIJTUBBI (POPMYJIbIL:

Iogagzlogab—logac

log, (bc)=log, b +log, c log,b" =rlog,b

JlecsaTUYHBIC U HATYypATIbHBIE JIOTAPU(PMBI.
J{nst morapudMoB YKCeN COCTABJIEHBI CEIUATbHbBIE TAOIUIII (Ta0auIIbI Jorapud-

MOB). Jlorapr(mpl BEIYUCIISIOT TaKKe C TTOMOIIBI0 MUKPOKAIbKYJsiTopa. Y B ToM
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U B IPyTOM CITyyae HaXOJAATCA TOJBKO JAECATUYHBIC WM HAaTypalbHbIE JOorapud-
MBI.

OHDGHGHCHHC: I[€CHTI/I‘IHI)IM JIOl“apI/I(I)MOM qucjia Ha3bIBarOT JIOl"apI/I(i)M 9TO-

ro gucia no ocaoBanuto 10 u mumryT Ig b BMecto logieb.

Onpenenenue: HarypanbHbiM JorapudMoM yuciaa Ha3bIBaIOT JoTapudm

3TOr0 YHCJIa MO0 OCHOBAaHHIO €, TJIc € — HPPALUOHATBHOE YUCIIO, MPHOIMKEHHO
pasHoe 2,7. [Ipu atom mumryt In b Bmecto logeb

HppalioHaIbHOE YKCIIO € UTPAeT BAKHYIO POJIb B MATEMATUKE U €€ TPUIIOKCHH-
sX. HUCIIO € MOKHO TIPE/ICTABUTH KaK CYMMY:

1 1 1 1
e=1+-+—+ +.t—+... 1
1'2 123 1'2‘3'...‘” HHI/Ie_ —_

ex2,7182818284.
JlocTaTo4HO 3HATh 3HAYEHUS TOJIBKO JECSITHUYHBIX WIHM TOJIBKO HATypAJIbHBIX JIOTa-
pu(dMOB yuced, 4TOObl HAaXOIWUTh JIOTapU(Mbl YUCEN IO JHOOOMY OCHOBAHUIO.

Jns aTOro ucnonb3zyercs (popmyJia 3aMeHbl OCHOBaHUs Jiorapugma:

b— log b

log
log, a

a wm tak log,b-log.,a=log b,

rneb>0,a>0,a#l,c>0, c#l

CaencrBust u3 GopmyJibl 3aMeHbl OCHOBaHNs Jiorapudgma.
[Tpu ¢ = 10 u C = e momyyaroTcst popMyIIbl Iepexoa K ASCATUIHBIM U HATypaslb-

HBIM JIoTapudmam:

lgb

log,b=—, Iogab—M
lga

" Ina’

Jlorapudmuueckas pyHkus, €€ CBONCTBA U Ipaduk

B marematuke U €€ NpuiI0KEHUAX YacTO BCTpeUdaeTcs Jorapupmudeckas QpyHk-
uus Y = l0ga X , rae a - 3amanHoe yucio, a > 0, a£l.

Jlorapupmuueckas pyHkuus 00;1a1aeT CBOMCTBAMHU:

1) O6acTh onpezaencHus JorapupMUIecKoil PyHKIIMH — MHOYKECTBO BCEX IMOJIO-
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KUTCIbHBIX YUCCII.

2) MHOXeCTBO 3HaUCHHI JTIorapru(pMUIecKor (H)YHKIIUH — MHOXECTBO BCEX JICH-

CTBHUTCJIbBHBIX YHCCII.

3) Jlorapudmudeckast GyHKIUS HE SBISICTCSA OTPaHUYCHHOM.

4) Jlorapudmuyeckas GpyHkius Yy = 10ga X ABJISICTCS BO3pACTArOIICH Ha TPOMEKYT-

ke (0;+o0) , ecniu a > 1, u yOwiBatomei, ecmm 0 < a < 1.

5) Ecin a > 1, To pyHKIus Yy = 10ga X IpUHUMAET TOJ0XKHUTEIbHBIC 3HAUCHHSI TIPH X
> 1, orpunatenshbie pu 0 < X < 1. Ecmu 0 < a < 1, o ¢pyakus y = 10ga X npuHu-
MaeT MoJiokuTeNbHbIe 3HaueHus npu 0 < x < 1, orpuniarenabHsie npu x > 1.

Ocb Oy siByisieTcsl BEpTUKAIBHOM acHMITOTOM Tpaduka GyHKIUH Y = 10ga X

vl y=log _x 4
a1 y=log _x
1 1 O<a=1
1 1
a X a X
1 a j a 1
-1 -1

Puc. 6.1
OtmeTtuMm, 4To Tpaduk 000 orapudmudeckoit GyHKuu Y = 10ga X MpoXoauT
gepe3 Touky (1; 0).

[Ipu pemieHnn ypaBHEHHI 4acTO UCIIOJB3YETCS CIEAYIONIas TeOpeEMa:

Teopema. Eciu 10ga X1 = 1002 Xz, tme a > 0, a#1 , X3 > 0, X2 > 0, T0 X1 = Xo.
Jlorapudmuueckas ¢pyukuus Y = 10ga X 1 mokaszarenpHas GyHkius y = a¥, riae a >

0, a#1 , B3auMHO 0OpAaTHBL.
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Pa3zimunbie cioco0bI peleHust JOrapu(pMuIecKuX ypaBHeHHil U Hepa-

BCHCTB.

OCHOBHBIEC METO/IbI pelIeHNUs JIOTapU(PMHUYECKNX YPABHEHMIA:

Ha ocHoBanuu onpenenenus gorapudma.

MeToa noTeHIMpOBaHUS.

MeTton noCcTaHOBKH.

Merton norapupmMupoBaHusi.

OcHoBHBIE IPaBUJIA:

. HyxHo Haiitu 0o6sacte qonyctumMbix 3Hadenuit (O/13).

. C momouIpl0 OCHOBHBIX JorapuMuyeckux (Gopmyi HPUBECTH B ypaBHEHUHU K
jgorapupMam ¢ OJMHAKOBBIM OCHOBAHHMEM CJIEBA U CIIpaBa OT 3HAKA PABEHCTBA.

. Ecnn ITYHKT 2 HCBO3MOJXXCH, TO BBOAUTCA ITIOACTAHOBKA.

Pewenue nozapugpmuueckux nepagencme.
[Tpu pemenuu norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUYUTHIBATh, YTO

>a” < <aP
1.ecmna>0,a#1, tologaf(x) >b <=> f(x)za W O_f(x)_a.
a>1 O<axl

< <aP > b
2.ecmua>0,a#1, 1o logaf(x) <b<=> 0<f(x)<a Rt f(x)>a .
a>1 O<axl

g(x)=h(x)  [h(x)=g(x)
3. 109 1 9(X) > log 1x h(x) <=> h(X)> 0 U g(X)> 0
f(x)>1 0< f(x)<1

g(x)<h(x)  (h(x)<g(x)
4. 109 1 9(X) <log g h(x) <=> {g(x)>0 u <h(x)>0

f(x)>1 0< f(x)<1
__[0<p(x)<1  [p(x)>1
5. 10, f(X)>0 = log ) f(x)>log )1 <=> {0< F(x)<1" {f(x)>1'
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Nwmeerca He MeHee 4 TPUHLMITHAIBHO Pa3IMYHbIX THIOB MOAX0/Aa K PEILICHHUIO
Jorapu(pMUUECKUX HEPABEHCTB:
1. nepebop cnyyaeB «OCHOBaHUE OOJIBIIIE €IUHULIBI, «KOCHOBAHHE MEHbIIIE €/IUHU-
IBI»;
2. Iepexoj] K paBHOCHJIBHBIM COBOKYITHOCTSIM CCTEM HEPaBEHCTB, HE COJEPIKa-
1IMX JorapumMoB, METO/1 pallMOHAIU3AIUY;
3. 00001IeHHBI METO] HHTEPBAJIOB;
4. rpaduuecKuil METO/I.
Merox panuoHaJIM3anuH.

HamomuuMm, B epBoM ctosdie Tadmaumbl — QyHKus F(X), KoTopyro MBI pa-

roHanm3upyemM. Bo Bropom cronbie — dynkuus G(X) — 3HaKoCOBIaIaromast ¢
¢dynkiueit F(X) Ha odmactu e€ onpeaenenus. [Ipu 3TOM, UCHIOIB3YS METOJT PaIO-

HalIu3annun, HCJIb3s51 3a0BIBaTh IIpo 001acTh OIIPpCACIICHUA (bYHKLIHﬁ

Boipa:kenue F Broipa:kenue G on3
l0gh(f(¥)-10gn@ () (h(x)~1)- (F(x)-9(x)) L((XX); Ol’g(x)>o’h(x)>0’
l0gnef(x)—1 (h(G)—1)-(F)—h(x)) f(x)>0,h(x)>0,h(x)#1
lognf(X) (h(x)—1)-(f(x)—1) f(x)>0,h(x)>0,h(x)#1
h(x)>0, f(x)>0,f(x)#£1,

1091601 (X)ogato N0 (109~1)-@0)~1-G-D- @D 0o

Teopema 1. Jlorapudmudeckoe HEPaBEHCTBO
|Og a(x) f (X) = Iog a(x) g(X)

PaBHOCHIJIBHO CIEAYIOIICH CHCTEME HEPAaBEHCTB:
(a(x) >0,

a(x) #1,

f(x) >0,

g(x) >0,

(a(x) -D(f (x) - g(x)) = 0.

Hepasenctay log ) f (x)-log (%) y(x)<0
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)

)
COOTBETCTBYET PAaBHOCHUJIbHASI CUCTEMA y(x) >0

)

)

Pewenue nokazamenvHo-nozapughmuyeckux HepageHcma

PaccmarpuBasi mokazaTenbHO-TOTapU(pMUYECKUE YPABHEHUS, Mbl OTMETHIIH,
YTO ISl MX PEUIEHUS MCIOJIb3YyeTCs METO] Jorapu(pMupoBaHUs OOE€HUX dYacTeu
YPaBHEHUS 110 OAHOMY U TOMY K€ OCHOBAHHUIO. DTOT METOJ MPUMEHSAETCS U IS

pCIICHUS HOKa3amenbHo-102apumuieckux Hepasencme. 3nech Take f(x) >0
u g(xX)>0 wu mnepexomum ot HepaBeHctBa T (X)>Qg(X)k HepaBeHCTBY
log, f(x)>log, g(x), ectu a > 1 u k HepaBenctBy log, f(x)<log, g(x), ecnu

O<axl.
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PEUIHTL\ }’[Jﬂ.EIIEIIHH:

log,(2x+1) —log, z=log, 64.

logs = —log, = — 2=0.

4log, 22 =logz(—x)+ 16.

log, 44=log, 5logs 11 — 2log,(x —2).

10g;_{_[3(21 +1)]+log 5 3=logy(2z+ 1)

A L

19
6. log,; r+loggx+log, r= 17

1 . 1 1
7. 5 log, =° + 3 log, \"EI—ZZEIDgES—]ogE =

8. logy(z+1)— logy (x —3)=log, 12.
2
(z+1) _q
2r—3

9. logy[(z+1)(2z —3)]+1og,
].D; nglf"'d_- ]Dgz_g ].'5 — _].

Haiitu nanbosbime xopuu ypasnennii:
11. loga x —logy = —3=2'"822
12. log, z+log, % =1.
13. lg? 22 —lg2®+1=0.
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Haittu nanbospinme ne/isie x, yI0BIETBOPIIONINE HEPABEHCTBAM:
8. lg5%** —1g25>1g5% 2 +1g5.
9. (z+1)logg,3—log,,27>0.
10. logg(x?—x)<1.
11. 5198:Ce=b 7
12. log,log z(z—1)<1.
PB.T_L[HTI_: HepaBeCcTBa.:

14. log,(2z+4)+logy(x+1) <logy(4— ).
15. logq(2x+18)—logq(z+5)<logq (6 —x).

2 2
Hafitn nanmennime MEJIBLIE T, VIOBJIETBOPAIONHE HEPABEHCTBAM:

3
16. logq(r+2)—logg(z+2)> —3

3
17. log, {(b—xz)>1.
18. log,, {(3—2z)<1.
19. log, 5(2z—9)<1.
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7. TPUHTOHOMETPUYECKHUE ®YHKIIUU. YPABHEHUS U HEPA-
BEHCTBA, COAEP KAIIIME TPUTOHOMETPUYECKHUE ®YHKIIUNU

IHocTpoenue rpagukoB TPUTOHOMETPHYECKUX (PYHKIUIA.

Cumnycom ocTporo yria ¢ Ha3bIBae€TCsl OTHOILIEHHUE UIMHBI KaTeTa, MPOTHUBOJIE-
KaIIero yriy ¢, K JJIMHE TUIIOTEHY3bl NMPSIMOYTOIBHOTO TPEYrOJbHUKA C OCTPHIM
yrJIoM @, 1 0003Ha4daroT Sing. OTHOIIIEHUE JTMHBI MIPUJICKAIIECTO K YTy ¢ KareTa
K TUIIOTEHY3€ Ha3bIBAECTCS KOCUHYcom yria ¢, o0o3HayaroT COS¢. Tawnzencom
OCTpOTO yTia ¢ Ha3bIBAE€TCS OTHOIICHHE JJIMHBI KaTeTa, MPOTHBOJIEKAIIETO K YTy
@, ¥ KaTeTa, mpujiekamiero K atomy yriy (tge). O6parHoe OTHOIICHUE JJIUH KaTe-
Ta, IPWIEKAILETO K YIIIy ¢, U KaTeTa MPOTUBOJIEKAILETO, HA3bIBAECTCSI KOMAH2EH-

com (Ctg o).

KpOMe CHUHYCa, KOCHUHYCA, TAHI'CHCA M KOTAHI'CHCA HCIIOJB3YIOT CHIC CEeKaHC

Seco = U KoceKanc CoSecp =——.

COSg sing

BripakeHune, B KOTOPOM IMEpEeMEHHas COACPKUTCS O] 3HAKOM TPUTOHOMETPHUY-
CKUX (PYHKIIMIA, HA3bIBACTCS MPULOHOMEMPUUECKUM.

Cornacno teopeme ITudaropa u3 pucynkka (Puc.7.1) cienyer:

— BEpILIMHA yIJIa ¢ MPAMOYTOJIBHOIO TPEYTIOJIbHUKA

L
COBMEIIIEHA C HAYAJIOM KOOPJIMHAT, y ]
: I—=
— TUIIOTEHY3a TPEYrOJIbHUKA, ABJISIOIIAsACS Takke n - 5111 .;Efr
paguycoM OKPY>KHOCTHU, paBHA eAUHUIE, I = 1, Q‘j
— KOCHHYC SBJISIETCS TPOEKIMEN paaryca Ha OCh :::
COs @
a0cruce,
Puc. 7.1

— CHHYC SIBJIIETCA MPOCKIMEN paguyca Ha OCh Op-
JIMHAT.
Bcé 310 mpaBuibHO, HO MOKa TOJBKO JJIs OCTPBIX YIJIOB, KOrJa paanyc-

THIIOTCHY3a HAXOJUTC B nepBoﬁ YCTBCPTH.
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3HaKoBasi XapaKTePUCTHKA TPUTOHOMETPUYEeCKHUX (PyHKIIUIA.

Hauoosee Baskuble cBOMCTBA M rPaUKH TPUTOHOMETPHUYECKUX (PYyHKIMI

an

V4

an!

Y

K

™

NN

sin oL

COsCL

NS

P

tgo, ctga

®ynk- | Ob6aactb |O0OgacTs | YéTHOCT, | [lepu- | I'paduxu pyHxumii
HUs  (onpeaesieHUus| 3Ha4e- HeY€eT- on, T
HU HOCTH
y = sinx (—o0, o) [-1, 1] | neuérHas
y=C0osX | (—o0, ) [-1, 1] yETHAS
y=1tgx | (oo, o0)3a | (-0, ) | HeuéTHAs
UCKJIFOYEHU-
€M TOYEK
N + /2,
371ech N 11e5oe
y =Ctgx | (—oo, ) 3a | (—o0, 00) | HeuéTHas
WCKJIFOYEHU-

€M TOo4YeK 7N,

37€Ch N IEI0E

O06001IeHre cuTyaly Ha Ciiydaid JroObIX yT-

JIOB OYEBMJIHBIM 00pa3zoM cneayer u3 pucyHka (Puc.
7.2), a IMEHHO, JJIs1 JIIOOBIX YIJIOB KOCHHYC, — IIPO-

CKIMSl €AMHUYHOTO pamuyca Ha ock adcuucc (OX),




CHHYC — TPOCKIHs eIMHUYHOTO paamyca Ha ock opauHar (Oy), mpuuém B Tex
ClTydasiX, KOTJa MPOCKIHS IOMagacT B OTPHUIATEIbHYIO 00J7acTh KOOPIWHATHBIX
ocell, QyHKIUSIM MPUITUCHIBACTCS 3HAK MUHYC.

Oynuknms f(X) HassiBaercs uéthoit, ecim f(—x) = f(X), u Heuérnoit, ecom f(—
X) = —f(x). I'padux y€THON PYHKIMH CHUMMETPUYCH OTHOCHUTEIHLHO OCH OpIHHAT
(Oy), a rpaduk HeYETHOM HYHKIIMA CUMMETPUYCH OTHOCUTEIHHO Havyasla KOOPIH-
HaT. 13 rpadmkoB BUIHO, YTO KOCUHYC SIBIsSIeTCA Y€THOU (pyHKIIMEH, a CHHYC, TaH-

I'CHC U KOTAHT€HC — HEYETHBIC.

Teopema 1. 1 Eciu T - ocHoBHO#l mepuoa pyukuuu f(X), To umcio E

SBIISICTCS OCHOBHBIM TiepuoioM ¢pyukimu f (kKx+b).

[Tepuonel ¢ynkuuit T, u T, Ha3pBalOTCd COM3MEPUMBIMHU, €CIH
CYILLECTBYIOT HAaTypallbHbIE YkclIia M 1 N, yto M, =nT, =T.

Teopema 2. 2 Ecmu nepuommyeckue ¢yHkuun f(X) u f,(X), umeror
cousMepumbie T, U T,, To OHM HMMeOT oOmMi mepuox mMT, =nT, =T, KOTOPBIA
asisiercd nepuonoM pynkmuit f(x)+ f,(x), f,(x)— f,(x), f,(x)- f,(X).

B Teopeme roBOpHTCS O TOM, UYTO | SBISICTCS MEPUOIOM (DYHKIIHH
LX)+ f,(x), f,(x)-f,(x), f(X)-f,(X), m He oOs3arenbHO sBIsAETCA
OCHOBHBIM TeproioM. Hammpumep, ocHOBHOM Tiepro1 GyHKIKHA COSX u SiN X - 27,
a OCHOBHOM NEPUOJ UX TPOU3BEICHUS - 7T .

B oTtnnuue ot TpuroHoMeTpudyeckux GyHKLIHUA 0OpaTHBIE TPUTOHOMETpUYE-

CKHC (I)YHKI_II/II/I HC ABJIAIOTCA IICPUOIUICCKUMU.
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Hawu6oJ1ee BaskHbIe CBOMCTBA U rPa@UKH 00PATHBIX TPUTOHOMETPUYECKHUX

pyHKumit
®yukuus | ObaacTb Obaacre | YéTHOCTD, I'padpuxu pynkuumii
omnpeae/eHUus] 3HAYEHUN |HEYETHOCTD
y=arcsinx| xe[-11] 7 || HeuéTHas %
ye|- %2 3
2 2
2 10 1 2
y=arccos x| xe[-11] | ye|0;z] |obmero Bu- )
aa  arc- L
cos(-a) = n- 1 0 1
arccos a
- ) " —
y = arctg x Xe(—oo,oo) ( T 71-) HeuEéTHas | I |
YE|l -5 5 e
2 2 4 2 o2 4
-1 0
—_ . . T
y =arcctg x| xe(—oo;0) | ye(0;7) |obuero Bu- =
T
ma arcctg(- 2
\\-—-r_.__,_
a)=r- 40 2l ol 21 1 i
arcctg a

IIpeoOpa3oBaHue TPUTOHOMETPHYECKHUX BbIPAKEHUIA.

OcHOBHBIE TPUTOHOMETPUYECKHE (POPMYJIbI:

sin®x+cos® x=1 tgx - ctgx =1

sin X COSX
tgx = —— Ctgx = ——

COSX sin x

1

2 2

1+t9°x=— 1+ctg X =—
sin? x

COS™ X



[Tone3Hsl Takxe (pOPMYJIbl NPUBEAEHHUS, KOTOPBIE ITO3BOJISIOT BBIPA3UTh 3HA-
YeHHs] TPUTOHOMETPUUECKHUX (QYHKIUI 7151 JTI0OBIX YTJIOB Yepe3 3HAUEHUsI TPUTO-
HOMETPUYECKUX (PYHKIUI YIJIOB IEPBOM YETBEPTH.

Hampumep: cos(180°+ a) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Yto6b! n36€KaTh HEOOXOUMOCTH I0JIB30BATHCS MTOT0OHBIMU pacyETaMU, IPUMeE-
HSIOT MHEMOHHYECKOE MTPABUJIO:

1. Ecim BeIYMCseTCs TpUroHoMeTpruaeckue GyHKuuu yrioB 90° £+ a unm 270° + a
, TO CHHYC MEHSETCSl HA KOCHHYC, KOCUHYC Ha CHHYC, TAHT'€HC Ha KOTaHI'€HC, KO-
TaHreHC Ha TaHreHc. B cioyuae yrinos 180° + a wim 360° + a pyHKIMM ocTaroTcs
HEU3MEHHBIMM, T.€. CHHYC OCTAETCSI CHHYCOM H T.II.

2. 3HaK pe3ynbTara TaKkoi ke, KaKk y UCXOTHOW (PYHKIIMU B TOW YETBEPTH, B KOTO-
PYIO IONAaIaeT UCXOIHBIN YTOJL.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraércst kocunycom, moromy uro 180°. Mcxomusrit yron (180°— a) Bo
BTOPOI1 UETBEPTH, I'/I€ KOCUHYC, UCXO/HAsA (PYHKIMUS, OTPUIATEIbHA, I0ATOMY 3HAK
MUHYC.

IlepeBoa rpagycHoii Mephbl yIiia B paAHAHHYI0 U 00paTHO.

[Tycth oo — rpanycHasi Mepa yria, f — paanaHHasi, TOr/ia CIipaBelIuBbl popmy-
n-oi" e _180"-p
180 Vs

7 =31415926535897932384626433832795.

JbL: f = , e 1pao ~57°, 1° ~ 0,017 pao, 7 =180,

DopMyJIbl CI05KEHUA U BLIYUTAHUSA APTYMEHTOB
sin(x £ y)=sin Xxcosy £sin ycosx tgx + tgy
i vein 0 QXEY) =
Ccos(x £ y)=cosxcosy Fsin xsiny 1F tgxtgy
IIpeoOpa3zoBanue cymMbl (Pa3HOCTH) TPUTOHOMETPHYECKUX (PYHKUMH B NPO-

H3BEACHUC:
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: . . X+ XF
sin X £siny = 2sin Zycos 2y X
COSX —COSYy =—2sin sin

cosx+cosy=2cosXJ2rycosX;y 2 2

IIpeoOpa3zoBanue NMpou3BeeHUsI TPUTOHOMETPUYECKHUX (PYHKIUI B CYMMY:
sinxsiny = %(cos(x —y)—cos(x +Y))
COSXCOSY = %(cos(x —y) +cos(x +Y))

®opMyJIbI IBOMHOIO apryMeHTa:

sin 2x = 2sin XxCosX 2 2tgx
_ _ 02X = .
c0s2X =C0s? X —sin® x=1-2sin? x=2co0s’ x —1 1-tg?x

q)OpMyJIbI INOHMKCHUHA CTCIICHHU:

1—cos2x 2 1+ cos2x 1—cos2x
_— COS"  X=——— =——

sin? x = .
1+ cos2x

tg?x

®opMyJIbI MOJJOBUHHOIO yIJjia:

. X, [1-cos(x), Xy, [1+cos(X).
sm(E)_J_r‘/—2 ; cos(z)—J_rW/—2 :

X, , [1—cos(X). Xy, [+cos(x),
tg(E)_i\/Hcos(x)’ Ctg(Z)_J_r\ll—cos(x)’

X :1—cos(x): sin(x) . X, sin(x) _1+cos(x)

tg(E) sin(x)  1+cos(x)’ Ctg(E)_l—CQ'*?(X)_ sin(x)

3ameHa 4Cpe3 TAHI'CHC ITIOJIOBHUHHOI'O yrIJla:

+Yy . X—Yy

sin Xxcosy =l sin(x+ y) +sin(x—y)).
2
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29(7) 2ctg (") 1-19°(0)

sin(a) =—=—; sin(@)=—~%—; cosl@) =—=;
1+19%() 1+otg®(7) 1+19°())
ctg®(7) -1 29(2) 20tg(,)

cos(a) = E— tgla)=—-+=— 19(a)= ——=;
ctgz(2)+1 1-t9°(,) Ctgz(z)—l
1-19%() ctg?(7) -1

ctg(@) =——=2-; ctgla) =—=—;

2tg (E) 2ctg (E)

CoOTHOIIEHHSI 111 00PATHBIX TPUTOHOMETPHYECKHUX QYyHKIIHIA:
cos(arccosx)=x; arccogcosx)=x; sin(arcsinx)=x; arcsin(sin x)= x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)= X;
T

: T
arcsinXx + arCcosx = 5 ; arctgx + arcctgx = E;

sin(arccosx) = cos(arcsinx)=v1- x*

, tg(arcctgx) = ctg(arctgx) =

X |~

Jlist perieHus 3a1a49 Ha YIPOIIEHUE TPUTOHOMETPUYCCKUX BBIpAXKCHUHN TpeOyeTcs
JOCTaTOYHO XOPOINO 3HATh MpaBuja MpeoOpa3oBaHMs alreOpandecKuX BbIpaxe-
HUH ¥ TPUTOHOMETPUYECKHE (GOPMYJIIbI (YMETh MPUMEHATH UX KaK IO OJTHOM, TaK U
B KOMILJIEKCE).

IIpocreiilne TPUTOHOMETPUYECKHE YPABHEHHUS M HEPABEHCTBA.
Tpuzonomempuueckue ypagnenus.

Cnoco0b1 penieHUsi TPUTOHOMETPHUYECKHUX YPABHEHUIM:

1. Pemienne npocTeiiliuX TPUrOHOMETPUYECKUX YPABHEHHNH
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sinx=a; =  x=(-1)arcsina+ k;

COSX =a; — X =ztarccosa + 27K;

rne keZ.
tgx =a,; = X = arctgx + 7k
ctgx =a; = X = arcctgx + 7zkK;

Ocob0  OTMETMM  HEKOTOpbIE  YacTHbIE  CiIly4aul  3JIEMEHTPaHbIX

TPUTOHOMETPUUYECKUX ypPAaBHEHUH, KOTJa pEIICHHE MOXKET ObITh 3amucaHo 0e3

MIPUMEHEHUS 001IHX (popMyI:

sinXx=0= X = 7K, sinx:1:>x:£+27zk, sinx=—1:>x=—£+27zk,

cosx=0:>x=%+7zk, cosXx=1=x=27K, cosx=-1= X=rx+ 27K,
T T

tgx =0= x = 7K, tgx:1:>x:Z+7zk, tgx:—1:>x:—z+7zk,

ctgx=0:>x=%+7zk, ctgx=1:>x=%+7zk, ctgx=—1:>x=—z+7zk,

rne keZ.
2. Ecnu ypaBHeHHE B pe3ylIbTaTe CBOAMTCA K BHAY SiNYy =Sin z, 1ubo COSY =C0SZ,

aubo tgy =tgz, nubdo ctgy =ctgz, rae Y

sin
U Z - BBIPQKEHHUS OT HEU3BECTHOTIO X.

z v y
N3 sToro cnenyer, 4to I \ /‘ -T\

. . {y:z+27zk, QJ Q cos
siny=sinz < .
y=m—27+27K.
Puc. 7.3 Puc. 7.4
COSYy=C0SZ < Yy=x=z+27k. te _
- / cig
tgy=tgz < y=z+7k /"\5%"" / ‘7}\
ctgy=ctgz < y=z+k. Xy fi]/
Pl E_.‘
I'me keZ.
Puc. 7.5 Puc. 7.6

3. [IpuMeHenune CBOCTB TPUTOHOMETPH-
YeCKHMX (PYHKIUM.
Ecnu ypaBaenune umeet Bun f(t)=g(t), f u g — cocTaBieHs U3 TpUroHOMeET-

PHUYECKHUX BBIPAXKECHUU. PellleHrne MOKHO HAUTH Cpelu TexX t, KOTOpbIE YIOBJIETBO-
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pstot ypaBHenusim f(t)=a; g(t)=a, rae a — nelcTBUTEIIEHOE YMCITO, IIPUHAIICKA-
niee odnactsam 3Havenui f(t) m g(t).

Pa3noxeHue Ha MHOXUTENN.

Metox pa3iokeHusT Ha MHOXKETEIH 3aKI04YaeTCs B CICIYIOMEM: €CIH
f(x)=f,(x)f,(x)...f,(X),To Bcskoe pemenue ypasHeHus f(X) = OsBmsercs
pemenne coBokynHoctu ypasaenuit f,(x) =0, f,(x) =0, ..., f (x)=0.

OOpaTHOE YTBEpIKICHHE, BOOOIIEC TOBOPSI HEBEPHO: HE BCSIKOE PEIICHUC

COBOKYITHOCTH SIBJISICTCS PCIICHUEM YpaBHEHUS. OJTO OOBACHSICTCS TEM, YTO
pEUICHUST OTICIbHBIX YPAaBHCHHUH MOTYT HE BXOJUTh B OOJIACTH OIpPEICICHUS
¢dyuknun T (X).
. PellleHHe TPUTOHOMETPHYECKHX YPaBHEHHH € TMOMONMIBI) Pa3HOO0OPa3HBIX
TPUTOHOMETPUYECKUX (popmy.r.

[Mlpy  pemieHMH  psga  YpaBHEHHH  TPUMCHSIOTCS  BCEBO3MOJKHBIC
TpUTOHOMETpHYEeCKHe (GOpPMYJIbl. PaccMOTpUM HEKOTOPBIC U3 HHX.
a) [IpumMeHeHHe TPUTOHOMETPUYECKHX (POPMYJ NMpeodpa3oBaHHsI CyMMbI H
Pa3HOCTH TPUTOHOMETPUYECKHX (PYHKIMI B MPOU3BeIEHHE.
0) Pemienue ypaBHeHHU# npeoOpa3oBaHHEeM MPOU3BEICHUS TPUTOHOMETPUIESCKUX
(GyHKUHNA B CyMMYy.
MeToa BBe/IeHHSI HOBBIX NepeMeHHBbIX.

Mero/ BBEeICHHSI HOBBIX MIEPEMEHHBIX MO3BOJIIET MPE0OPa30BaTh UCXOIHOEC
TPUTOHOMETPUYECKOE YPABHEHUE B APYrou Tvn ypaBHeHHUU. [Ipu 3TOM BaxkeH BbI-
OOp OCHOBHOTO BBIPOKEHHS, YepPe3 KOTOPOE BHIPAKAIOTCS OCTAJBHBIC YACTH YpaB-
HeHUs. Y100Hee CBOIUTH K BHUIY, KOT/Ia TAK)KE 3aBUCHMOCTHU SIBJIIOTCSI PAIlHO-
HaJbHBIMU. B yacTHOCTH 0003Ha4YMM depe3 R(COSX, SINX) pannoHaIbHOE BBIpaXKe-
HHE OTHOCUTEIBHO COSX U SiNX, TO €CTh BhIpAKEHHUE, MOTydaroIieecs: u3 COSX u SinxX
Y TIOCTOSTHHBIX C IMOMOIIBIO OTIepalUil CIIOKEHHS, YMHOXKEHHS 1 JieneHus. Koneu-
HO, TpeOyeTCsI KOHTPOJIb 32 00JIACTHIO OMPECICHUS 1 MHOXECTBOM PEIICHHIA.

a) Paccmorpum ypasnenue Buaa R(cosx, sin?" x)=0 u R(cos?" x, sin x)=0.

B HCKOTOPBIX CIIydasaX yAacTCsAa CBCCTH TAKOC YPABHCHUC K PAIMOHAIIBHOMY
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YPAaBHEHHIO OTHOCHTENLHO SiNX mim COSX. MHorma ymoGHO pPyKOBOACTBOBATHCA
CJIEIYIOIUM IIPaBUJIOM BBIOOPA MOJACTAHOBKM. ECiaM COSX BXOAUT B YPaBHCHUE B
YETHBIX CTEIEHSAX, TO 3aMEHss BCIOLY COS?X Ha 1-Sin?X, MOIydMM palMOHAIBHOE
ypaBHEHHE OTHOCUTENBHO SiNX. Ecim sxe SiNX BXOAWT B ypaBHEHHUE JIUIIb B YETHBIX
CTeNeHsX, TO 3aMeHa SinX Ha 1-COS?X MPHMBOAUT YpaBHEHHE K PALMOHAILHOMY BH-
Iy OTHOCHUTEIILHO COSX.
0) Paccmorpum ypasuenune Buaa R(tg x, cos 2Mx, sin?" x)=0.

Eciy B ypaBHEHHM BCTPEYAIOTCA TOJBKO tQ X, YETHBIE CTEIEHU CHHYCOB H
KOCHHYCOB, CUHYCBHI M KOCHHYCBI JBOMHBIX YIJIOB, TO MOXHO IIPEHTH K paIMo-
HAJILHOMY YPaBHEHHIO C TOMOMLIBIO TIOJCTAHOBKHU. Y = tgX.

B) YpaBuenue Buaa R (Sinx£Cosx; sinxcosx)=0.

Perraercst cnenmyromield 3amMeHoOM SN X+ COSX =Y, (Sin X+ CO0s X)2 =y?,

1+ 2sin xcosx = y?, +2sin xcosx = y? —1.

r) YHUBepcaJbHas TPUTOHOMETPUYecKasi MOJICTAHOBKA.

X
OT10 noacraHoBka t =1g > OHa MO3BOJISIET CBECTH K PAallMOHATIBHOMY yYpaBHe-

HUIo Jr000e ypaBHeHue R(SinX, cosx)=0. Ecnu x#7+2 7k, k€7, TO ClipaBeIUBbI

TOXKICCTBA
X , X
. 9, 1-1970 ¢
sinx = =157 COSX= L=
1+tg22 1+t 1+t922 1+t

[Tocne pemeHns Ha10 MPOBEPUTH OTIECIBHO SABJISAIOTCA U X=74+2 7TK, KEZ,
pEIEHNAMH UCXOTHOTO YPABHEHUSI.
a) OaHOpOAHBIC TPUTOHOMETPUYECKUE YPABHECHUS.

OnHOpoHOE ypaBHEHHE — 3TO YPaBHEHHE, B KOTOPOM KaXKJO€ CIIaraeMoe
MMEET OJIHY U TY’KE CTETIEHb.

a,sin" x +a,sin" xcosx + a, sin"? xcos® X +...+ a,_; sin xcos" " x + a, cos” x =0,
IIe 8y;8,;8,;...;a, - AEWCTBUTENbHBIC YNCIA. N - TIOKa3aTelb OAHOPOIHOCTH.

ScHo, yto eciu @, = 0, TO ypaBHEHHUE IPUMET BUJ:
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COSX(alsinn_lx +a, sin"X-costX+...+ a, ,SinXx- cos" T’ X + a, cos”_lx): 0,

PEIICHUSIMH KOTOPOI'O SABJIAIOTCA 3HAYCHU X, IIPU KOTOPBIX COSX = 0, T. C. UHUCJIa
T
X= E +m, Ne Z. BTOpOG YPaBHCHHUC, 3alIMCAHHOC B CKOOKaX TaK)Ke SIBJISICTCS

OJHOPOIHBIM, HO CTCIICHU Ha 1 mmwxe. Ecimm xe ao F* O, TO OTH 4YHCJIa HC SABJIIIOTCA

KOPHSIMH YPaBHCHUSI.
V4 i
N naobopoT, npu X = 5 + zn nomyyum: COSX =0, SIn X =+1 u B ucxoaHOM
ypaBHeHuHU a, =0.

T
Wrak, mpu a, #0, X# E + 7N, cneaoBaTenbHO, COSX # 0, MOATOMY MOXKHO

Pa3aCiInTb 066 YaCTH YpaBHCHHA HaA COSn x.B PE3YIBTATC IMOJIYy4aCM YPABHCHUC!
n n-1 n-2 —_
atg X+atg x+a,tg X+...+a,4tgx+a, =0,
KOTOPOC, HO,HCTaHOBKOﬁ th = y JICTKO CBOJHUTCA K aJIFe6paI/IlI€CKOMy:

a,y" +a,y"t+a,y"?+...+a,,y+a, =0.

O0HOPOOHBIM MPULOHOMEMPUYEeCKUM YpasHeHuem 1-oii cmenenu Ha3bIBACT-
csl ypaBHEeHHe BHja: a-Sinx+h-cosx=0.

[Tycts, Hanmpumep, a#0. Torna ypaBHEHHIO HE yIOBIETBOPSIOT T€ X, IS KO-
Topbix CO0SX=0. IlogenuB Ha COSX 00Oe 4YacTW ypaBHEHHUS MOJYYHM YpaBHEHHE
a-tgx+b=0.

O0HopoOHbIM YpasHeHueM 2-0li cmeneny Ha3bIBaCTCsl ypaBHEHHUE BUIA!
a-sin®x+b-sinx-cosx+c-cosx=0.

Ecmu a=#0, torma pa3agenum o0e yacTh ypaBHEHHUS Ha cOSZ X, MOJTy4YUM
ypaBHeHHMEe a’tgx+Dbtgx+c=0, KoTopoe MOJCTAHOBKOH tgX=Yy  JETKo
IPUBOIMTCS K KBaJpaTHOMY: ay> +by +c¢ = 0.

. Pelrienne TPUTOHOMECTPHUICCKHUX ypaBHeHnﬁ ¢ MOMOIIBIO BBCACHHUHA BCIIOMO-

rareJibHOro apryMeHTa.
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PaccmoTpuM ypaBHeHHe Buaa: aCcosxX+bsinx =c,

1) ecnmu ¢ =0, To ypaBHEHHUE OJTHOPOIHOE.

2) ecmu €#0 n a® +b? % 0(To ecTh XOTs GBI OJHO M3 UKCEN & WIHM b He paBHO

0), To pa3aenuM o0e YacTu ypaBHeHus Ha v/a’ +b? | moayunm
p yp yq

a b i C
% COSX+——SiNX=—
vJa? +b? vJa? +b? vJa? +b?

2 2

a b
+| ——| =1, 10 cymie-

b a
— | <l}———]<1u | ——
va? +b? va? +b? va? +b? vJa? +h?

T. k.

CTBYET TaKOU Yroia ¢, 4to =sin @; = COS¢, Toraa

a b
va? +b? va? +b?

. . c . c
SiN @COSX +COSPSIN X = ————, SiN(X+¢)= ——
a’ +Db? Va? +b?
c
Va? +b?
c

va? +b?

1) ecim, >1T.e. a’ +b? <c?, To KOpHeil HeT.

2) eciy, <1rt.e a’+b%>c?, rorma

X+@=(-1) arcsin%wzk,kez.
a“+b

. a : c
X = —arcsin———— + (-1)* arcsin———+ 7k, k € Z
a’+b’ a’+b’

Tpuzonomempuueckue nepageHcmaa.
-PellieHue TpUroHOMETPUYECKUX HEPABEHCTB C IMTOMOIIBbIO €IMHUYHON
OKPYKHOCTH.

[Tpu pemennn TpuroHomerpudecknx HepaseHcTs Buna f(X) >0, roe f(x) -

OIHA U3  TPUTOHOMETPHUUYECKUX byHKUIHH, yA00HO UCIIOJIb30BaTh
TPUTOHOMETPUUYECKYIO OKpPY)KHOCTh JJIi TOro, 4YTOOBl Haubosiee HarsigHo
NPEACTABUTh PELIEHUS HEPABEHCTBA M 3amucarb OTBET. OCHOBHBIM METOAOM

PCUHICHUA TPUTOHOMETPHUUYCCKUX HEPABCHCTB ABJIACTCA CBEACHUC UX K HpOCTCﬁMHM
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HepaBeHCTBaM THma SinX>a. Pa30epém Ha mnpumepe, Kak peliath TaKue
HEPaBEHCTBA.
Jlji penieHusi HEpaBeHCTB C TAHTE€HCOM M KOTAHT€HCOM IIOJIE3HO MOHSITHE O

JIMHUU TAQHT'€HCOB U KOTAHI'€HCOB. TaKOBBIMU SIBIISIFOTCS OpsIMBIC X = 1lm Yy =1

(Puc. 7.8), xacaromuecss TPHTOHOMETPUICCKOW OKPY)KHOCTH. JIETKO 3aMETUTh, YTO
€CIIM TIOCTPOMTH JIyd C HAyaJoM B Hadaje KOOPJMHAT, COCTABJISIONIUN Yyroid o ¢

TIOJIOXKHUTEIBHBIM HAIIPaBJICHUEM OCH aOCIMCC, TO JUITMHA oTpe3ka oT Touku (1;0)

70 TOYKH NEPECEYEHMs] 3TOro Jyda C JIMHUEH TAHIE€HCOB B TOYHOCTU paBHA
TAQHI'€HCY yIJla, KOTOPBIA COCTABJIAET JTOT JIyd C OChbIO abcuucc. AHaJIOrMYHOE
HaOJII0JIEHUE UMEET MECTO U JJI1 KOTaHT€HCa.

-HepaBencTBa ¢ 0OpaTHBIMHM TPUTOHOMETPUYECKUMH (PYHKIUSAMU yIOOHO
pemarb ¢ UCIOJIb30BaHUEM I'PAPUKOB OOPATHBIX TPUTOHOMETPUUYECKHUX (DYHKIIHMM.

HOK&)KGM, KaK 3TO ACJIACTCA Ha ITPUMCPC.

1. Ucnosib3yst MeTOl HHTEPBAJIOB.
OOmas cxema:

1) C momMonipo TPUTOHOMETPUIECKUAX (POPMYIT PA3JIOKUTH HA MHOKHUTEITH.

2) HaiiTi Touky pa3pbiBa U HyJIH (QYyHKIIMU, TIOCTAaBUTh UX HAa OKPYXKHOCTb.

3) Basith 1r00yto Touky K (HO He HaliJIcHHYIO paHee) W BBISICHHTH 3HAK MPOU3BE/Ie-
Hus. Ecnu mpousBeneHHe NOJOKUTENBHO, TO IOCTaBUTh TOYKY 3a €AMHUYHON
OKPYHOCTBIO Ha JIy4e, COOTBETCTBYIOIIEMY yIiIy. MIHaUYe TOUKYy MOCTaBUTh BHYT-
P OKPYHOCTH.

4) Eciiu HEeKOTOpbIC TOYKU PA3HBIX CEPHil COBMAJTAIOT, TO UX HA3BIBAIOT KPATHBIMH.
ToukM, KOTOpBIE MOBTOPSIOTCS B YETHOM YHCIIE CEPHil, HA3bIBAIOT TOYKAMHU YET-
HOM KpaTHOCTH, a T€, YTO MOBTOPSIIOTCS B HEUETHOM YHUCIE CEPUil,— TOUKAMHU He-
4yeTHOM kpaTtHocTH. [IpoBectu nyru ciemyromum oopa3omM: Hadath ¢ ToukH K, ec-
JU clieayronias TOYKa HEYETHOM KpaTHOCTH, TO JAyra MepeceKkaeT OKpPYKHOCTh B
ATOM TOYKE, €CIIH K€ TOYKA YETHON KPaTHOCTH, TO HE MIEPECEKAET.

5) JIyru 3a OKpY>KHOCTHIO — TIOJIOKUTEIBHBIC MPOMEXYTKH; BHYTPU OKPYKHOCTH —

OTPULATCIIBHBIC IIPOMCIKYTKH.
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Penrenue TpUrOHOMETPUYECKUX HEPABEHCTB TPAPUUECKUM METOIOM

3amernm, uto ecmu f(X) - mepuoamdeckas (QpyHKIUS, TO IUISL PEIICHUS
HepaBeHcTBa f(X) >a (f(X) <a) HeoOXoIMMO HAWTH €ro penicHHs Ha OTPe3Ke,
JuIMHA KOTOoporo pasHa mepuony ¢ynkmum f(x). Bce pemenuss mcxomHoro
HEpaBEHCTBa OyIyT COCTOSATh W3 HAWJCHHBIX 3HAYCHWH X, a TaKkKe BCEeX X,
OTJIMYAIONIMXCS OT HAWJICHHBIX HA JII000e 1esoe yucio nepuonos Gynkmuu f(X).

AHaNOTHYHO pelaroTcs HepaBeHcTBa SiN X < a, COSX > a, u T.II.
CBeeHHE K 0THOMY HJIU HECKOJIbKHM HEPaBEHCTBAM.

B GonpIIMHCTBE CiTydaeB pelICHUE TPUTOHOMETPHUYECKHX HEPABEHCTB MOX-
HO CBOJIUTH IPY MOMOIIY TOXAECTBEHHBIX TPUTOHOMETPUUECKUX MPEOOpa30BaHMiA
Y BBEJICHUS BCIIOMOTATEIBHBIX HEU3BECTHBIX K PEIICHUIO OHOTO WM HECKOJIBKUX

HCPAaBCHCTB.
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20.

21.

22,

23.

24,

25.

26.

27.

VIpOCTUTD BhIPAKEHUS:

tga+ctga+
1
cos(mw /2 —2a)
2cos? a—1
2ctg (— —a) sin? (1 —a) '
sin 2o —2sina 5 Q
cr — .
sin2a+2sina ~ 2

sin ch

3 8 2
3 20— —m | +ecos | 2ae——7m | +cos | —m+ 20 |.
5111( oy 5 ) -:30.5( o 3 ) COS (3 a)

1 —2cos® o
2tg(a—m/4)sin®(a+7/4)

Ccos E (sm a4+ sin E)

sin = 1 = cos = (1+coaa+cna 2)

sin® (37 +a) sin?(—a)
Ctgg(a' o 2??} ctgz (fk‘ o %’}1’) .

2cos’a—1 COS cv — S8in av 4tg v

1-2sinacosa cosa+sina 1—tgla’
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PE.LLT.HTL }’[J&BIIEIIHHZ
14. sinx sin 3z 4+ sin 4x sin 8x=0.
15. sin’x—2sinrcosr=3cos?r.
16. sin? 2z +sin? 3z +sin® 4z +sin? fr =2.
17. 2cos2x+2tg?z=5.

m

18. sin (sx—g) _sin .

2

19. sin®z+ JeostT=7 sin 2.

I
20. sin:::—kcc}s-.r.—lzctgg(cnsx—l).
21. 3sin’xz—2v/3sinzrcosr+5cos?r=2.
22. 14+cosr—+sinx=0.

1 1
23. — + =2./2.
_SInx COsST

Pemmrn HEPABEHCTBA Ha 3aJlaHNLIX HTPOMEHY TKAX!

1
42. cosz < 5 Ha [—2, 0].

3
43. Siﬂa:}% ua [r/2,37/2].

44. sin2z+2sinz >0 na [0, 27].
45. (1—cosz)(tgz—/3)<0 na (—m/2,7/2).
46. /5—2sinr=sinxr—1 na (—m,0).

47. HaiiTu nanmensiiee HATYPAJILHOE PEIIeHHe HePaBeHCTBA

cos |cf:1
I —-.
2
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8. MPOU3BOIHAS. HCCJEJOBAHUE ®YHKIIMHN C IOMOIIBIO
MPOU3BOJIHOM

HaxoxaeHue npou3BOAHOM (PYHKIMH.

Onpeoenenue: Tlyctb 3anana pynkuus y= f(X) , onpeneneHnas B HEKOTOPOM HH-
tepaie. [Ipy kaxIoM 3HaYeHUHW apryMeHTa X B 3ToM uHTepBaiie pyHkus y= f(X)
UMeeT oIpeiesieHHoe 3HaueHne. Eciiu apryMeHT X mosry4yut mpupaiieHiue Ax, To u

GYHKIHS TTOJTyYHIa HEKOTOPOE OMpeIesieHHOe MpupaiieHue Ay = f (x + Ax) —f (x)

. Ecnu cymiecTByeT npeien OTHOLIEHUS

S(x+Ax) - f(x)
Ax

mpu Ax —0

TO OH Ha3bIBaeTCs Mpou3BogHON (yHKImHU f(X)B Touke X 1 0003HaUYaeTCS:

v e S+ ax)- f(x)
y(x)_Alfgo o -

Ornepanyisi BBIYUCIICHUS MPOU3BOIHON Ha3bIBaeTcs AudepeHimpoBaHueM
byHKIHU.
I'eomeTpuueckmii cMbICJ MPOU3BOAHOI QyHKIMHU y=Ff(X) B TOUKE X0 - 3TO TaH-
T'EHC yTJia HaKJIOHA MEXIY OChIO aOCITUCC U KacaTelbHOM K rpaduKy 3Tor (PyHK-
IIUH, TIPOXOIAIICH Yepe3 TOUKY ¢ aOCIHCCOM Xo.
. Eciin yron HaknoHa KacaTelibHOM OCTPBIi, TO TAHT€HC MOJIOKUTENbHBIN, a 3HAYHUT,
MIPOU3BOIHAS TTOJIOKUTEIbHA.
. Ecnu yromn HakJIOHa KacaTeJabHOW TyIOW, TO TAHTCHC OTPULIATEIIbHBIN, a 3HAYUT,
MPOM3BOHAS OTPUIATEIIbHA.
. Eciin yron HakioHa KacaTeJIbHOM paBeH HYJIIO, TO TAHT€HC PaBEH HYJIIO, a 3HAUYUT,
MPOM3BOJIHASI paBHA HYIIIO.
. Eciin yron HakjioHa mpsiMoii, TO TAHTE€HC HE CYIIIECTBYET, a 3HAUYUT, TPOU3BOAHAS
HE CYILECTBYET.
IIpuseneM TadJuIly IPOU3BOJAHBIX JJIEMEHTAPHBIX PYHKIMMA:

1) (C)=0 , C= Const

65



2) (xn) —nx"! , neR, x>0

3) (ax) =a"lna,a>0,a#1, x>0; (ex) =e* , x>0

!

4)(10gax): ,a>0,a#1, x>0
x-Ina
v ]
(lnx) =—,x>0
X

5) (sinx), =CcosXx , X€R

6) (cosx)' =—sinx, xeR

7) (tgx),z ! ,x¢%+7m,neZ

8) (ctgx) =— , X#m,ne’Z

9) (arcsinx) = ——,

10) (arccosx)' =— = >

11) (arctgx), =
I+x

12) (arcctgx), __ 1 , XeER .

l+x2

IpaBu/ia BLIYHC/IEHHE POU3BOIHBIX.
[TpousBoaHas cyMMbl 1ByX (yHkmit: (U + v)'=u'+ v/,
I[Tpou3BoaHas NpoU3BeIeH s NOCTOAHHOM 1 pyHkuu: (Cu)=Cu’.

[TpousBoaHas npousseaeHus AByX Gpynkuuii: (Uv)'=u’ v+uv/,

/ / /
TIponsBoaHas yactHoro AByx dymkumii:| - | =1V
p yx by )=

I[Ipoussouas cnoxuoil pyukuu Y=F(g(x)):f’ (g(x))=f' (g)-g’ (X).

[Mpoussoanas Gpyukuuu Buaa y=f(ax+b):
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y' =/ (ax+b)= f/ (ax+b)-(ax+b)'=a- f/ (ax+h).
HccnenoBanue pyHKuuM Ha IKcTpeMyM. MHTepBasibl Bo3pacTaHus, yObIBa-
HHSl, BBINIYKJIOCTH, BOTHYTOCTH. ACUMIITOTHKA.

OO0mas xapakTepucTUKA (PYHKIIUH.

Ecnn xaxIoMy 3HaYEHHIO TEPEMEHHOM X M3 MHOKECTBA X 10 HEKOTOPOMY
IIPaBUIIYy MOCTABJICHO B COOTBETCTBUE €JUHCTBEHHOE BIIOJHE ONPENEICHHOE 3HA-
YeHre Y, TO TEPEeMEHHYI0 Y Ha3bIBAIOT @yHKyueti OT X. 3amUCHIBAIOT

y=f(X),xeX,yeYum f:X —>Y. ['oBopsr emeé, 4yTo PyHKIUS OTOOpa)kaert

MHOkKECTBO X Ha MHOKECTBO Y .
MHoxecTBO X Ha3bIBaeTCs 00JIaCThIO ompenesicHus PyHKIMH U 0003HaYa-

ercss D(f). MHokecTBO Bcex Y €Y Ha3pIBaeTCs MHOXKCECTBOM 3HAYCHUH (PyHK-
muu U obosHavaercs E(f). x — HesaBucuMas mepeMeHHas BeIMUYWMHA WIH apry-

MEHT, Y — CI)YHKL[I/IH HJIK 3aBUCHUMaAs IICpCMCHHAsI.

Oyukius Y = f(X), onpenenenHas Ha MHOXKecTBe D HaswIBaeTcs uemmotl,
ecau i 1ro0oro X € D BemosHsiercs yenoue —Xe D u f(—x) = f(X); neuem-
Hou, eciu st moooro X € D Beimonasercs yenosue —Xe D u f(—Xx)=—1(X).

I'padux yeTHOM PYyHKIIMM CUMMETPUYEH OTHOCUTENHLHO ocu (Y, HEUETHON —
OTHOCHUTEJIBHO Ha4aJla KOOPAUHAT.

Oyukuus Y = f(X) HaswpIBaeTcs nepuoduueckor Ha MHOXKecTBe D, eciu cy-
IIECTBYET Takoe 4uciao 7>(, uro mpH KaxaoMm 3HadyeHud XeD (X+7)eD mu
f(x+T)= f(x). [Ipu aTom uncno 7 Ha3BIBACTCS nNepuooom QyHKYUU.

Bo3pacranue u yobiBaHue pyHKUMH.

Oyukius Yy = f (X)HasbiBaeTcst so3pacmaioweti B uHtepBane (a;b), eciu
IUISL JTIOOBIX JBYX TOYEK X, M X, W3 yKa3aHHOTO MHTEpBaJa, yIOBJIECTBOPSIOLINX
HEpaBEHCTBY X, >X;, BbIIOJHAETCS HepaBeHCTBO  f(X,)> f(X), ecau

f(x,) = f(x,), bynkuus Ha3biBaeTCs HeyObISAIOWEI.
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WNupiMu c1OBaMU — 3HAUYEHUS BO3pacTarouiell (PyHKIMHM yBETUYUBAIOTCS O-
HOBPEMEHHO CO 3HAYEHUEM apryMEHTA.

Oyukuus Y = f(X) HaswbiBaeTcs yowisarower B uatepsaie (a;b), eciau mis
MOOBIX JIBYX TOUEK X; M X, M3 YKAa3aHHOI'O MHTEpBala, YAOBJIETBOPSIONIMX Hepa-
BEHCTBY X, > X;, BBINOJNHsAETCS HepaBeHCTBO f(X,) < f(X,), ecmm f(X,) < f(X,),

(YHKIIHS Ha3bIBACTCS HEBO3PACMAIOWell.

Bospacraromnume, HeBo3pacTaroliye, yoblBaoe U HeyobIBaomue pyHKuuu
Ha3bIBAIOTCS MOHOMOHHbIMU. A BO3pACTAIONIUNE U YOBIBAIOIIUE — CMPO2O MOHO-
MOHHBIMU.

[Tycthb 3amgana ¢pyakus f(X). BozbMeM J1Be TOUKM Ha MpoMexyTke [a,0] x1 u
X2 TIPH YCJIOBUH, YTO X2 > Xi. Torjga GpyHKIMS Ha3bIBacTCsS BO3pacTaroIIel Ha Mpo-
mexyTke [a,b], ecimm f(x2) > f(X1). @yHKIMSA Ha3bIBaeTCs yOBIBAIOIIEH HA MpPOME-
xytke [a,b], ecimm f(X2) < f(X1).

Ecim pynkums muddepenimpyema Ha OMPESIICHHOM POMEXYTKE U TPO-
U3BO/IHAST (DYHKIIMH B TOYKE X = ¢ IMOJIOKUTEIbHA, TO Ha 3TOM IPOMEKYTKE OHA
BO3pAacCTaerT.

JlelicTBUTENBHO, corilacHO Teopeme Jlarpanxka, ecimu x; > X1 u f'(c) > 0, to

¢dynkuus Bo3pacraet (Puc. 8.1).

(o) T0)= ) X
X2 =%

Fe)x, —x)= f(x2)— f(x),

f06)> 1(x).
T.€. €CIM JI€Bas 4acThb PaBEHCTBA IIOJOXKHUTEJbHA, a X'l ¢ X,b X
rae x1 <C<Xyuf'(c) >0, o f(x2) > f(xy). Puc. 8.1

IIpn yObIBaHMM (YHKIMM MOXKHO clienath aHa- Y| ‘\\ £ (Klj
JIOTUYHBIN BBIBOJ. ]

Ecmu pynkuus nuddepenuupyema Ha omnpee-

JICHHOM IIPOMCIKYTKC U ITPOU3BOIHAA (bYHKHHH B




TOYKE X = ¢ OTpHIIATENbHA, TO HAa ITOM NPOMEKYTKe oHa yObiBaeT (Puc. 8.2).
OmnsThb ke, cornacHo TeopeMe Jlarpamka, eciau x1 < € < X u f'(C) < 0, To dyHKIIMA

yObIBaeT.
fe)x, —x)=fx)— f(x),
f (%)< f(x).
IKCTpeMyM (PYHKIMHU.
Ecmu ¢ynkuus f(X) onpeneneHa Ha ONpeneeHHOM MPOMEXKYTKE M CyIIle-
CTBYET Takas TOYKa A Ha ITOM IMPOMEXKYTKE,

yto f(X) < f(A) Bo Bcex Toukax OKpecTHOCTH

TOYKU A, TO JaHHAsl TOYKA HA3BIBAETCSI TOYKOM A max
makcumyma (Puc. 8.3).
f(x)
Ecmu  ¢yskums f(X) ompenmenena Ha
OIpEICIICHHOM TPOMEKYTKE U CYIIECTBYET Ta- B min
Kasi Touka B Ha 3TOM mpomexytke, uro f(x) > }:

Puc. 8.
f(B) BO Bcex TOYKaxX OKPECTHOCTH TOYKH B, To 3

JIaHHAs TOYKa Ha3bIBaeTCs TOUukoil MunumymMma (Puc. 8.3).

Toukn MakcHMyMa 1 MUHUMYyMa Ha3bIBAIOTCS TOUKAMH dKCHpemMyma, a 3Ha-
YeHUs PYHKLNU B 3TUX TOUKAX — IKCMPEMYMaMu YHKYUU.

KacarenbHas k rpaduky pyHKIUU B JaHHBIX TOUKax napamieiabHa ocu OX.

Teopema (Depma — nHeobxooumoe ycrosue sxkcmpemyma). Ecim X, - Touka
skcTpemyMa it ¢pyHknun Y = f(X), To B 3TO# Touke mpousBoHast GYHKIIMU JIU-
00 pasna Hymo (f'(x,)=0), b0 HEe CyIIecTBYyeT.

Touku obsactu onpezeneHust GyHkiuuu f(X), B KOTOPBIX €€ MPOU3BOIHAS

HE CYIIECTBYET WJIM paBHA HYJIIO, HA3bIBAIOTCS KPUMUYECKUMU MOYKamy PYHKITUH.

31ech HYXKHO OTMETHTh, YTO HE BO BCEX KPUTHUYCCKUX TOUYKAX (YHKIIHS
uMeeT >kcTpemyM. Hanpumep QyHKIms Y = X° He UMEET SKCTPEMyMa, T.K. HE BbI-
noausiercs yeaosue f(X) <(>) f(Xo), T.e. B OKpECTHOCTH TOYKHU Xo 3HaYCHHE (YHK-

MU JOJKHO OBITh OOJIbIIE (MEHBIIE) 3HAUCHUS (DYHKIIMU B TOUKE Xo. Takum oOpa-
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oM, OGyHKmMa Yy = X° UMeeT KPHTHYECKYK0 TO4Ky npu  x=0
(t.x. f'(0)=0), HO 3KCTpEeMyMa B ITOH TOUYKE HET.

B cuny teopembl @epma d3KCTpeMyMbl (PYHKIIMU HAXOIATCS CPEIH €€ Kpu-
TUYECKUX TOYEK.

Ilepsoe docmamounoe ycnosue skcmpemyma. Ecnu mpu nepexoje (ciesa

HAaIpaBo) 4epe3 KPUTUYECKYIO TOUKY X, mpou3BogHas f'(X) meHser 3Hak ¢ (+) Ha
(-), To TOuKa X, SABIAETCS TOUKOW MakcuMyMma; ecii ¢ (-) Ha (+), TO TOUKON MHUHH-

MyMa, €CJIM 3HaKa HC MCHACT, TO 3KCTPCMYyMa HCT.

Bmopoe 0ocmamounoe ycnosue sxcmpemyma. IlycTs B TOuke X, MPOH3BOA-
Has paBHa Hymo f'(X,)=0, a Bropas npousBognas f"(X,)=0. Torma, eciu
f"(Xy) >0, T0 X, - Touka MuHuMyMa; eciu f"(x,) <0, To X, - Touka MakcuUMy-
Ma.
BeinykiocTs rpadpuka pynkuuu. Toukn nepernoa.

[Tycts 3amana ¢pynknus y = f(X). [Ipennonoxum, uro ¢pyukuus f(X) mudde-
pPCHIIMpYEeMa Ha ONPeAeIICHHOM IMTPOMEKYTKE [X1;X3].

BosbMem mpomexyTok [Xi1; Xo]. Torna, ec-

¥y
JIU TIpU JII0OOM 3HAYEHUU X TAKOM, YTO X1<X<Xz, ToYKa Nepernba
3Ha4YeHHEe (YHKIIMA MEHbBIIE 3HAYCHUS KacaTellb- B
HOU B TOYKE X, A
T.e. f5(X) < fu(X), To dyHKumsa Beimykia BBEpX
(Puc. 8.4). I'paduk GyHKIINK HA3BIBACTCS BBIMYK- o
JIBIM Ha TPOMEKXYTKE [X1] X2], €ciM OH pacroso- % P:CE S 4 *3

JKEH HIDKE KacaTeJIbHOM, MPOBEEHHON B JIt000H
TOYKE 3TOTO MHTEpBAJA.

BosbMem mpomexxyTok [Xz; Xs]. Torma, ecnu mpu jar000M 3HAYCHUU X Ta-
KOM, 9TO Xp<X<Xs, 3HaueHHE (YHKIHU OOJIbIIC 3HAYCHUS KACATEIILHOW B TOUKE X,
T.€. f3(X) > fu(X), To pyHkms Bemmykina BHu3 (Puc. 8.4). I'paduk dpyHKIMM Ha3bIBa-
eTCsl BOTHYTBIM Ha MPOMEXKYTKE [X2; X3], €CII OH PACIONIOKEH BBIIIE KAacaTeIbHOM,

MIPOBEICHHOM B JIIO00M TOYKE ATOTO MHTEpBAJIA.
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Ecnu ¢yHkuus Bblykiia BBEpX, TO BTOpas MPOU3BOAHASA (PYHKIIUK MEHBIIE HYJI,
T.e. f"(x) <O0.
Ecnu QyHKIMA BBINYKIa BHH3, TO BTOpas MPOU3BOIAHAS (DYHKIIUM OOJIBIIE HYIIS,

T.e. f"(x) > 0.

Ilepsoe oocmamounoe ycnosue mouku nepecuba. Ilycts dynkuus f(X)
MMEeT TEePBYI0 MPOU3BOAHYIO B TOUKE X, M BTOPYIO IPOU3BOJAHYIO B HEKOTOPOU

OKPECTHOCTH 3TOM TOUKH (KpoMe, ObITh MOKET caMoi Touku). Toraa eciu npu re-

pexozie 4epes TOUKy X, BTOpas IPOW3BOJHAS MEHSET 3HAK, TO X, - TOYKa Meperu-
oOa.

Bmopoe docmamounoe ycnosue mouku nepezuba. Ilycte B Touke X, QyHK-
s f (X) uMeeT mpou3BOMHBIC 10 TPETHETO MOPSAKA BKIFOYUTEIHHO. Torma eciu
f"(X,)=0,af"(x,)#0, T0 X, — Touka nepernda 3Toi GyHKIUN.

AcMMITOTHI rpauka QyHKIHUM.

[Mpsimast muHUs M Ha3biBaeTcst acumnmomot rpaduka ¢pynkuuu Y= f(X),

eciu paccrostare d oT Touku M, Jtexareir Ha >ToM rpaduke, 10 IPIMOH M cTpe-
MUTCSI K HYJIIO TP HEOTPAaHUYEHHOM yAAJICHUHU 3TOM TOYKH MO rpaduKy OT Hadasia
KOOpAMHAT B OECKOHEUYHOCTb.

AcUMITOTHI OBIBAIOT TPEX BHUAOB: BEPTHUKAIbHBIC, HAKIIOHHBIC M TOPHU30H-
TaJbHBIE.

Hp}IMaﬂ X=X, Ha3bIBACTCA 6epmuKdib- Y

nou acumnmomou (Puc. 8.5) rpaduka ¢pyHkimm

f(X), ecau XOTst ObI OJUH M3 OJHOCTOPOHHHUX

npeaenoB  lim f(x) m lim f(Xx) paBen Oec-
X—>Xp—0

X—>Xg+0 -
»
KOHCYHOCTH.
XD X
OObBI4HO BCPTHKAJIbHBIMH aACHMIITOTAaMU Puc. 8.5

SBJIIOTCS MIPSIMBIE B TOYKAX pa3pbiBa 2-ro poja.

[TosTOMY [UIs OTBICKAHUS BEPTUKAJIBHBIX ACUMIITOT OIPEACIAIOT TOYKU ay,d,,.. 4,
OECKOHEYHOT0 pa3pbiBa (QYHKIMU. Toria ypaBHEHHE BEPTHKAIHHBIX ACHUMIITOT
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X=a,,X=2a,,...,X=4a,. BepTUKambHble aCHMITOTHI MOTYT OBITh U HA TPAHUIE 00-
Jactu onpeneienus GpyHkiuu. Hanmpumep, kak y pyHkmu Yy =In X.

[Tpsmas Y = kx+ b HaseBaeTcs naknonnou acumnmomou (Puc. 8.6) rpaduka
¢ynkmun  f(X) mpu X —>+o0o (mpu X —>—o0), eciu

lim (f(x)—(kx+b))=0 (COOTBETCTBEHHO,
Xlin_1 (f(x)— (kx+b))=0).

VYpaBHEHUE HAKIOHHON aCUMIITOTHI K rpauKy

¢ynkun Yy = f (X)mmem Buge Yy =kx+b, roe

Puc. 5.6

k= 1im % b tim (F (%) — k).

X—to X X—>F00
Ecnu xots Obl oxuH u3 mpeneiaoB K u b He cymecTByer nian paBeH Oecko-

HEYHOCTH, TO KpuBass Yy = f(X) HaKIOHHOW aCHMMNTOTHI HE UMEET. ACHMIITOTHI
rpaduka pynkmum Yy = f(X)mpu X — +oou X — —o0

MOTYT OBITh pa3HbIMH. [l0o3TOMYy Npu HaxoXaeHun ¥

npezenoB K u b cieayeT oTAeIbHO paccMaTpUBATh y=b

CIIy4ai, Korga X — 400 ¥ Korja X — —oo. e S -
YacTHBIM ClIydaeM HAKJIOHHONW aCHMIITOTHI

(mpu Kk =0) sBIACTCS 20pU3OHMANLHASL ACUMNIMO- 17 Klr

ma (Puc. 8.7). Prc. 8.7

[Mpsimass Yy =b sBAsICTCS TOPU3OHTAIBHOM aCUMMTOTON Tpaduka (QyHKIHU

f (X) mpu X — 400 (Ipu X —> —o0) TorAa U ToJIbKO Toraa, koraa lim f(x)=b (co-
X

—>+00

otBeTcTBeHHO, lim f(X)=Db).
X—>—00

Hoanoe uccienosanmne pynkuuu. Illocrpoenue rpagpuka GpyHkuum.

[Topsimok ucciienoBaHus

|. OOuas xapakTepucTuka QyHKIUU.
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1.1. O6nacte onpeneneHus: GyHKIIUH.
1.2. IloBenenue GyHKIIMH B OKPECTHOCTSX TOUEK pa3phiBa.

1.3. Touku nepecedeHus rpaduka ¢ OCIMUA KOOPIUHAT.

1.4. Cummetpus rpaduka.

1.5. IlepuoanunocTh rpaduka.
I1. NuTepBanbl MOHOTOHHOCTH U AKCTPEMYMBI (DYHKITUH.
2.1. HaxoxaeHue mepBoi MpOu3BOAHON (DYHKITHH.
2.2. OnpeneneHue KPUTHIECKUX TOYEK.
2.3. HaxoxaeHne nHTepBaIOB MOHOTOHHOCTH.
2.4. OnpeneneHue d3KCTPEMYMOB (DYHKITHH.
I11. MaTepBasbl BHITYKIOCTH U BOTHYTOCTH.
3.1. Brrunciienue BTOpOM MPOU3BOIHON (PYHKIIHH.
3.2. OnpeneneHue ToYeK mneperuoa.
3.3. HaxoxaeHne HHTEpBaJIOB BBITYKJIOCTU U BOTHYTOCTH.

IV. HaknoHnHble acuMIITOTHI Fpaduka QyHKIUH.

V. I'padux dpyHKIMM.

Haiitn MPOU3BOANLIE 3a1allllLIX (l)}-'III{.L['IvIlul y:y(.t] IIPH 3aJallLIX 3Ha"9elnAax apry-

MEeHTa Iq:

Inz 1
= TI=
Y ;r+21' 0
2. y=3"—— 273, 10=2
Y 3 L Lo
3. y=—z°— vr+3lnzr, zp=1.
2—3x
4. y= L rp=2
2\/x
5. y: \.-{,"_]_'0:1.
2—x
6. y=sinz(z®—2z+3), 0=0.
7 V2 1
. — , Lg—
RV
1 T
3 = —, Ip——
ctg® a 1
9. y=(a?—3r+1)e*, 7,=0.
10. y=sin’2r+1, zp=—.
2ctg dx T T
11. y=——=—+cos—, rp=—.
A 716" 0T T
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£ 1u 14
12. B kaxoli Trouke kpusolt y=—x’+2 kacarenbnas HepHeHInKy/IsapHa upaMoil r —y+1=

07

13. Hailtu cyMMy KoOOPJMHAT TOMKH ¢ OTpHIATENLHOM abeimcecoll, KacaTenpHas B KOTO-
poit k rpacduxy byuxmun f(z)=2>4 2z +4 IPOXOINT HYepes HAYAIO KOODIHHAT.

14. Ecom npamas y=3 — 5z apasercsa kKacareabHoll k napabose y=1x2+bx +c B TOUKe ¢
abcrmecoit 0, To wemy pasna cymma b+c?

15. Halitu suavenne x, npu Kotopom Kacaresbias K rpaduky dyuknmm f(z)=8-27"% ¢
yrioseiM ko3 duumentom k=2 1In 2 nepecekaer ocn abenuce.

16. Yepes Touky (2, —5) npoxoagar ase kacaresbuble K rpaduky Gyukmm f(r)=—3/c+
1. Halttu cymmy abermcee Touek Kacanus.

17. Hanmcars ypasnenne kacarensnoil k kpusoil y=In(z — 1), napawensnoil npamofi
y=2xr—1.

18. Haittu yrox ¢ oceio abenuce kacarensnoil kK kpueoil y = In z, nposegennoil B Touke
nepecedennd 3Toll Kpusoil ¢ ocblo abemcc.

19. Ilpm kakux 3Hadenuax mapamerpa a npsaMas y=ar — 2 Kacaercd rpaduka Oynkipn
y=1+Inz?

20. Halltu koopauHaTsl TOHeK nepecedenus ¢ ocblo Or Tex KacaTelbHbX K rpaduky

byuxmmn
_r+1

-3

Y

-
KOTOpLIE 00pa3yioT ¢ ocnio Ox yrog R

Haitrn snavenns dynkmmil B Toukax MakCHMyMa:

1
24. y=2$3—§I2—I+—.

3

1 1 13

25. y=—a°— -1 +71—.
26. y:§x4—§:133—§:1:2+5.

27. Haittn Touxy mummmyma dynkmun f(z)=—9z° 4+ 90x* — 180z — 30.
Halitu naubosbimiee n nauMensinee suadenns QyHKuuil Ha 3a1aHHBIX OTPE3KAX:
28. y=2"—6z’+1 ua [-1,2].
29. y=sinz-sin2r Ha MOJIHOM HEPHOJIE.
30. Hailru 3nauenne soipazkennsa m—3M, ecom m u M — nanmensiee n nanbosbinee
snauenns dynkmmn f(r)=—2r* —3r2 412z — 16 na orpeske [—1,2].
31. Haiitu naubosbinee u nanmensiiee suadenus (PyHKIHT

yz—:r2+3

x|—2

na orpeske [—2,0].
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